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Cauchy'’s integral theorem

Let Q2 C C be an open, simply connected set.

Let f: Q — C be a holomorphic function. In other words, the limit

F(s0) = lim 1) = T(0)

S—So 55— 95

exists (and is continuous) for all sp € Q. Note that a complex function is
holomorphic if and only if it is analytic.

Let v : [0,1] — Q be a differentiable function, such that v(0) = ~(1).

/lf(v( ) dt = /f

where T is the closed contour traced by (t) as t ranges from 0 to 1.

@ Then,
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Cauchy'’s integral formula

Let Q, f, v, and I be as in the previous slide.
Furthermore, Let p be a point that is encircled counter-clockwise exactly
once by 7(t) as t ranges from 0 to 1.

Then,
/L(Z) dz = 2mj f(p).
rz—»p

Proof sketch:
o Using Cauchy's integral theorem, show that the value of the integral does not
depend on the enclosing path. In particular, we can choose a circle C. of
radius € around p.

o Note, for y(t) = p + ee*™, /
Ce
o Then,

JREC R )’ JLCRCTE

. Z—P |z — pl

/2” maxzec, |f(2) — f(p)|

1 eZTrJt
Z—p dz = 27r_/e/ e dt = 27j.

€

e dt — 0.
€
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Bode's Sensitivity Integral for open-loop stable systems

o Let L(s) be a proper, scalar rational transfer function, of relative degree n,,
i.e., n, is the difference between the degrees of the denominator and of the
numerator.

o Define G(s) = (1 + L(s)) !, and assume that G has neither poles nor zeros
in the closed right half plane (i.e., both L and G are stable).

@ Then,
> . 0 if n, > 1,
/0 log | G(jw)| dw = { Py

k3

where k = lims_, SL(s).
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Proof sketch

@ Since log |G(s)| is analytic on the RHP, then
Jplog|G(s)| ds = [, log|G(s)| ds + [._log|G(s)| ds =0, i.e.,

> 1
j/ log | G(juw)| dew = f/ log |1+ L(s)| ds.
0 2 Je

o For large s, log |1 + L(s)| ~ log |1 4+ as~"| = |as— ™|, so on CE,
1 /2 3 . )
,/ log |1+ L(s)| ds = _/ line—mrt - Ejelt dt =
2 Ce 0 E r
. /2 .
aj ; aj w
- et dt = — =
Enrfl/O En,fl 2

@ In other words, for n, > 1, the integral on Cg converges to 0, and for n, = 1,
it converges to K 5. ]
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Bode's Sensitivity Integral

o Let L(s) be a proper, scalar rational transfer function, of relative degree n,.

e Define G(s) = (1 + L(s))™, and assume that G has no poles in the closed
right half plane (i.e., G is stable), and has g > 0 zeros in the closed RHP

plane (i.e., L can be unstable), at location z, z, ..., z4, with Re(z) > 0.
@ Then,
° ) Yz if n, > 1,
/O log |G ()] duw = { RI YL,z ifn =1,

where k = limg_ o, sL(s).
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Proof sketch

o The function log|G(s)| is not analytic on the RHP. Define
G(s) = G(s) ], ==

i=1 s—z"

@ Since log |G(s)| is analytic on the RHP, then Jp log |G(s)| ds = 0, and hence

/Clog|G(s)|ds+/C log |G (s |d5+2/ ’

i

ds = 0.

@ Proceeding as in the basic case, and noting that

S+ 2z

/ log ds =0,
G S — Zj
and
/ log [= -2 ds:/ |og‘1+ﬁ‘ ds—/ Iog’l— ﬁ‘ ds = —jnz,
Coo S—z Coo S Coo S
o We get the desired result. Notice also that >, Re(z) = >, zi. O
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