Solution 2

Exercise 4.1

LQ Problem with Forecasts:

Tpy1 = Apr + Brug + wy k=0,1,...,N -1

N-1
cost: E {x’NQNa:N + Z (@), Qrrr + u%Rkuk)}
k=0 1.,?,1\771 k=0

Let:

Yk £ Forecast available at the beginning of period k

Py, = p.d.f. of wy, given yy

pk. = a priori p.d.f. of y; at stage k

Following sections 1.4 and 4.1 we have the following DP algorithm:

IN(zN,yN) = ZyQNTN

n
Je(zg,yr) =min  E {xﬁchﬂﬁk + up Rpur + ZP?HJkH(kaa i) ‘ yk}
Uk k:o,1,.{c.,1v71 =1
where the expectation is taken with respect to Py, .
Theorem: Under the conditions of the problem:
Jk(ack, yk) = 1';9Kk33k + a:;cbk(yk) + ck(yk) k=0,1,...,N,
where by (yr) is an n-dimensional vector, ci(yk) is a scalar, and K}, is generated by the discrete-time

Riccati equation.

Proof: The proof will follow by induction, deriving pj (zx,yx) on the way. For k = N the theorem is
clearly true.



Assume: Jg 11 (Tt 1, Yk+1) = Tpp Kt 1Tk41 + 2 bk 1 (Y1) + Cht1(Yr+1). Then:

Je(Tk,yr) = min F {%kak + uf Rpup+
Uk wy

n
prﬂ (@), 1 Ke12rg1 + @)y 1 brgr (6) + crpa (i)] | yk}
=1

= 2. Qrrr + min{u;Rkuk +E {(Akﬂfk + Brug, + wy.) Kg1 (Axzr, + Brug, + wy)+
Uk Wi

(Ak;l'}c —+ Bkuk; =+ wk)/ pr—i_lbk“rl(z) | yk} + pr+1ck+1(i)}
i=1 i=1

br41 Ye+1

= I;CQka + ‘T;CA;CKkJrlAka + QI;CA;{)KICJ’»l E{wk |yk}+
E{w, Kgt1wk | yr} + 23 Apbki1 + by E{wk | yr} + e+
min{u;(Rk + B K a1 By)ug, + 2ul, Bl Koy Ay + 20, BL K1 E{wy, | i}
ug
+ U;B;ﬂbqu}

We know that Ry > 0. This implies that Ry, + Bj Kj1By > 0, since K1 > 0 by induction. Thus, we can

find the minimum by finding the stationary point via differentiation:
2(Ry + B K41 Bi)uy + 2B; Kiy1 (Arxy + E{wy | yx} + Brbrt1) =0
This gives the optimal control law:
up = pi(xr, yr) = —(Ri + B]/CK,IH.lBk)_lB]/CKk—&-l(Akxk + E{wk | ye}) + o
where o, = —%(Rk + B,’CKkJrlBk)_lB;Cka. Now we substitute u; back into Ji(zx,yx) yielding:

I (T, yr)
= J};C(Qk + A%Kk—s-lAk)xk - x;C[A;ch+1Bk(Rk + BIICK]H_lBk)_lB;CK]H_lAk}JZk +

quadratic term x) Kpxy,

22} Aj K1 E{wg |y} + ), AL bkt
— 2a) A} K1 Br(Ry, + B’;Kk+1Bk)7lB]/€Kk+1 E{wk | yr}

1 _
7§x;€A;€Kk+lBk(Rk + B Ky +1Bx) 1B;€bk+1 +

linear term ] by (yi)

E{w Kieprwr | ye} + bl E{wk | ye} + Yo

— E{w}, | yr} Ki+1Br(Ri + ByKy+1Br) " B K11 E{w | yx}

1 _
= Vi1 Br(Ri + By Kiy1 By) "B br

constant term ci(yx)



Q.E.D.

Exercise 4.2

We note first from integral tables:

/ e—(az®+bz+e) gy — \/?g(b2—400)/4a fora>0

Let w be a normal random variable with zero mean and variance o2 < % Using this definite integral, we
have:

1 o 5 _ w2
E {e(a+w)2} = / ela+w)® o™ 3252 dw
—o0

oV 2T

1 12 o _ 2
- - e (2a2w w—2aw—a )dw
oV2T J oo

2 2,1
40?4442 (L5 1
(52D

1 ™ By e re—
=—F=,/—717 <€ Aggz b
oVt \ 53 — 1
a.2
1 2

= — el-20

Theorem: If the DP algorithm has a finite minimizing value at each step,
Ji(xe) = ap e, B, >0, k=0,1,...
Proof: The proof follows by induction. For k = N,
In(zy) = emx

Assume that:
2
i1 (Thy1) = Q1 €501%1 0 By >0
Then:
Do) = min {475t B (s
Uk Wi

Assume that the expected value in the previous expression exists. (Note that an existence proof will

depend on the linearity of the system). Then:
Je(zk) = H&in {ewi“ui g1 B {eﬁkﬂ(awwbwwwm}}
k Wi

) , gt Brt1(ap@ptbrur)?
= min { emitrui ———FHL o7 12’

s VI- 284107



since wy, is a Gaussian r.v. with 0 mean and (4102 variance. Thus, the assumption of finite minimum is

equivalent to having 20,1102 < 1 at each stage. The calculation of the minimum reduces to minimizing:

9 o Bry1(arzy + brug)?
xri 4+ ru; +
bk 1— 204102

over ui. But this is a quadratic where the coefficient on u? is:

Br41b7

" T 200

which is positive. Thus, we are minimizing a convex function and:
ur = *( _
b= ti(TK) = Tk
Substituting wuy back into Jy(zx) yields:

2 Br41 2|, 2
Qft1 |:1+T’Yk+7l_2ﬁ — (ar+brye)™ |z
Jk(Ik) = V€ k+1

V1— 2844102

= ay %%, with B >0

Q.E.D.

As an example where without the Gaussian assumption the control is not linear, consider the following

pmf for wy_1:
1/4, if ¢l =1
Privy-1=¢) = { 1?2 if |§£‘: 0

Then:

. .2 a2 2
IJN_1(xn_1) = min { e*N—1trun1 g Lelanazno1+dN1un1twN 1)
( ) UN -1 WN—1 { }

1 .
min { ew?v71+”‘?\771 [e(aN—lzN—l+bN—1uN—1+1)2 + e(aN—lmN—lJFbN—luN—l*l)z]
UN-1

Then, in general, u},_; # YN-1ZN_1.



Exercise 4.5

a)

Following the analysis in Section 4.2, we have that the DP algorithm is
JIn(zn) =rn(xN),
Jk(xk) = rk(xk) + m1>% [E {J;H_l(xk + up — wk)}] R k=0,...,N—1.
Uk =
Define yi, = xx + u and Gi(y) = E{Jg+1(y — w)}. Then
Jre(wr) = ri(zr) + min [E{Jes1(yr — wi)}]
Yk Tk
= ri(zr) + min Gi(yk), k=0,...,N—1.

Yk >Tk

Assume that Jiy1 is convex. Then, since addition and taking expectation preserves convexity, Gy is

convex. If we also assume that lim|,|_,., Gx(y) = oo, then G} has an unconstrained minimum, denoted

by Sk and the optimal policy has the form

*( )_ Sk—a:k, ika-<5k,
PR o, if @ > S,

where for each k, the scalar Sy minimizes G (y). To show that .J;, is convex and that lim,| . Gr(y) = o0
for all k, note that since ry is convex, Jy is convex. Since the derivative of ry(z) goes to co as © — oo
and to —oo as x — —o0, Jy(x) and Gy_1(y) go to oo as |z| and |y|, respectively, approach co. Then the

optimal policy at time N — 1 is given by

< (onoy) = Sy-1—axN-1, faon_1 <Sy-1,
HN—1EN=1) =9, if exy—1 > Sn—1.

Now assume that Ji 1 is convex and that lim|;| oo Jry1(2) = 0o. Then lim)y|_ o Gx(y) = oo and

Je(zp) = ri(zr) + E{Jr11(Sk —wi)}, if 2 < Sk,
)= () + B{Jkp1 (wn — wp)}, i 2p > S

Thus Jj is convex and lim ;| Ji(z) = 00.

The system now evolves as
Tyl = Tk + Ug—1 — Wk, k=0,1,...,N — 1.

Adding uy to both sides and making the change of variable yx = xx + ux_1, we have

Yk+1 = Yk + Up — W, k=0,1,...,N —1.
The cost to minimize is
N N—-1
E{Z ri(zk)} = E{ro(zo) + Z Te1(The1)}

k=0 k=0

N-1
= E{ro(yo —u—1) + Tt (yr — wi) }

k=0
N-1

= E{ro(yo — u—1) + 7e(Yk)}

~
Il
=

where
™k (Yk) = Buwe {rr+1(ye — wi)}, k=0,...,N—1.

By defining 75 (yn) to be the constant ro(yo — u—1) for all yx, our cost has the form of the problem of
part (a).



Exercise 4.29

a)  As suggested by the hint, consider the case where only one out of two available questions can be

answered.

E[reward using order 1 — 2] = p1 Ry

E[reward using order 2 — 1] = p2R>

An appropriate index for this problem would thus be p; R; as opposed to p;R;/(1 — p;).

b) We now have a problem that has N available questions, but the maximum number of questions that can

be answered is N — 1.

Let A;, fori=1,2,..., N, be the set of all orderings with question i ordered last (meaning we never reach
question ¢ since it is ordered Nth). The sets A;, i = 1,2,..., N, form a partition of the set of all possible
orderings.

Consider the problem of maximizing expected reward over the set of orders A;. Because question j is
always last, this problem is equivalent to finding the optimal ordering for N — 1 questions (all questions
except question j) without a limit on the number of questions that can be answered. Thus, the optimal
ordering over the set A;, denoted L;, uses the index p;R;/(1 — p;) for ¢ # j.

To find the optimal ordering over the set of all possible orderings, we only need to compare N orderings:

choose ordering L; that satisfies

E[reward using order L;] = maxy, i=1,2,.. ~ E[reward using order L;]

Exercise 4.33

(a) We formulate this as a DP problem involving the following two states:

S: The state where the singer is satisfied just following a performance.

S: The state where the singer is not satisfied just following a performance (but may still be placated to sing on
the following night with the offer of a gift).

The initial state is S.

The transition probabilities are:



Without the offer of a gift:
bPss =P, pSE =1=D,

P5s =0, pss=1

With the offer of a gift:
pss =D,  Pgg=1-p,

Dgg = 4D, pgg=1—qp.

Notice we may assume that the director never offers a gift when the singer is satisfied, meaning at state .5,
the cost-per-stage is 0. At state S, the cost-per-stage is C' without a gift offer, and G + (1 — ¢)C with a gift
offer.

The DP algorithm is

Ji(8) = pJk1(S) + (1 = p) Jg+1(5),
Je(S) = min [C + Jp41(5), G+ (1 — q)C + qpJr11(S) + (1 — qp) Jr41(S)]

In(S) = Jn(S) = 0.

An alternative DP algorithm uses the singer’s state at the beginning of a performance instead. Let T
represent that the singer is satisfied at the beginning of a performance and T that the singer is not satisfied at
the beginning of a performance (and will therefore not perform that night). Noting that the director’s decision
occurs after she has declared herself satisfied or not at the end of the performance, we have:

Ji(T) = pJrs1(T) + (1 = p) min{ Jp41(T), G + ¢Jp11(T) + (1 — @) e (T)},

J(T) = C +min{Jp11(T),G + ¢Jrs1(T) + (1 — q) Jr1 (T)},
In(T)=0, Jn(T)=C.
(b) The optimal policy is to offer a gift in state S at time k if
C+ Ji11(8) = G+ (1 = q)C + paJie1(S) + (1 — qp) Je41(9),
or equivalently if

G —qC
ap

< Jk+1(S) = Jk4+1(9).
We will now show by induction that
Jk(g)_‘]k?(s)2Jk+1(§)_Jk+1(S)v k:()?la"'vN_]-a

so that the threshold for offering a gift is lower in the early nights. This means, that the optimal strategy is
specified by some time index k: it is optimal to send a gift to placate a dissatisfied singer at all nights before
night k£, and not to send at night £ and any subsequent night.

Indeed, let o
Br = Ji(S) — Ji(S).

We have On = 0 and from the DP algorithm, we have

Br = min{C + pBry1, G+ (1 — q)C + p(1 — q)Br 41},

so we have Bny_1 > OBn. The relation By > Bi+1 follows from the above equation and a simple induction.



We now define k using the fact that for k& > k, the optimal policy does not send a gift. For k& > k we have

~ N—k
1=p C for

the recursion 8y = C + pfk+1, starting with Sy = 0. Solving this in closed form, we have £ = i

k < k < N — 1. Therefore, we define k as the smallest integer k satisfying

G —qC
a > Br41 =
qp 1-p

1— pN—k-1

or equivalently
G 1—pN—Fk
— > —
qC l—p
Notice if G < gqC, then k = N, which means it is optimal to send a gift at all stages. If G > ¢C, then k < N —1.

(c) Consider the case where ¢ is not constant but rather is a function of the stage index, say gz. We write the

same DP algorithm, replacing g with gx, and once again we let 3 = Ji(S) — Ji(S). The optimal policy is then
to offer a gift in state S and stage k if G < qi(C + pBr+1)-

If qx, which represents the probability of success of a gift, is a decreasing function in k, then intuitively the
form of the optimal policy found in part (b) should still be optimal. More specifically, if the optimal policy
when ¢, is constant is to stop sending gifts at some point in time, then having g, decrease over time should not
make sending gifts at later stages (after stages at which it was optimal to not send) profitable.

Following the same procedure as in part (b), we may find the optimal policy is to send a gift when the singer
is unsatisfied if and only if k is less than k, where k is the smallest integer k satisfying

1 — pN—k
G > quL
lL—p
Notice that k exists because the right-hand side of the above equation is decreasing in k. To verify that this
N—k — N—k
policy is optimal, we may show by induction that By = 1_1”7]0 Cfork < k<N and B < 1_1”717 C for

0<k<k-—1.

Exercise 4.34

(a) This problem is the same as the “asset selling” problem on p.168 except it has the same state evolution as
the “case of correlated prices” on p. 173. The resulting DP algorithm is then:

max{ (1 + r)N-kzy, By, [Jop1( Ay +wy)]} ifaxp #T

Jk(ﬂ?k) = sell do not sell
0 if T = T
x if T
Inlen) = {ON if 2y i T

(b) Tt turns out for each stage k, a threshold for xj exists above which it is optimal to sell and below which it
is optimal to not sell. These thresholds are decreasing as k increases.

Let Vi(xg) = _Je@k) _ The DP algorithm then becomes:

- (1+T)N—k'
max{ zx ,(1+ 7)1 Ey, [Vit1(Azk +wi)]} ax #T
Vk(.’llk) = sell do not sell
0 T — T
_ N TN 75 T
VN(xN)_{O :EN:T



The optimal stopping set for stage N — 1 is straightforward to find:

Vn-i(z) = max{z, (1 + 7)1 Eyy_,[Ax +wn_1]}

( )\:U+1I/}

= max{x, ———

T 147
AT +w

TN,1:{JL‘|$Z 1+T}

—{a]z>ay-1}

where ay_1 = ML—/\ and w = E[wy] for all k. Depending on the magnitude of wy, relative to A, xx41 can be
either greater or less than xy, therefore T_; is not absorbing. We show by induction that Vi (x) is convex, has
a slope of 1 as x approaches infinity, and has a positive slope less than 1 as x approaches negative infinity.

We first show a base case. Vin_i(z) is the maximum of affine functions, which is convex. Vy_i(z) = z for
x > an_1, meaning Vy_1(z) has slope 1 as © — oco. Vy_1(z) = ’\firw for x < an_1, meaning Vy_;(x) has

A
slope o <lasz — —oo.

We now assume for induction that Viy1(x) is convex, has a slope of 1 as  — oo, and has a positive slope less
than 1 as * — —oo. Consider
Vie(z) = max{x, hi(x)},

where hi(z) = (1 + r)"1Ey, [Vit1(Az + wy)]. We note that hy(x) is convex because performing a linear
transformation, taking the expectation, and multiplying by a positive constant all preserve convexity. Because
A

0< F)\r < 1, hg(x) has slope T4, s & — 0o and some positive slope less than 1 as z — —o0. Given the form

of hy(z), we then know that hx(x) and the function = have exactly one intersection point, say ay, and that

x T > Qg
Vir(z) = {hk(x) T < oy

This form of Vj(z) corresponds to the optimal policy:

sell if xp > ag
do not sell if xp < ag

Notice that Vi (z) is convex, has a slope of 1 as x — oo, and has a positive slope less than 1 as © — —oo.

Noting that Viy—1(z) = max{x, (14+r) "1 Ey,_, [Ax+wn—-1]} > z = V() for all z, we have by the monotonicity
property that Vi (x) > Viq1(z) forallx, k =0,1,..., N—1, meaning hy_1(x) > hg(z) forallz, k =1,2,... , N—
1. Therefore, a, > a41 for k =0,1,..., N — 1 (which is also apparent because we know T}, C Ty1 for all k).

(¢) The optimal policy remains the same. Assume we can sell a fraction § of the stock on one day and the
fraction (1 — ) on a different day. Then it is optimal to sell when the value of the stock exceeds Say and
(1 — B)ay respectively. But this will happen simultaneously, so if it is optimal to sell the fraction § it is also
optimal to sell the fraction (1 — 3).
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