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Harmonic Series,
Integral Method,
Stirling’s Formula
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n books
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Need
center of mass
over table
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H8.0 n books
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center of mass
of the whole stack o
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A overhang ::=
Horizontal distance from
n-book to n+1-book

centers-of-mass
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A overhang
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at table edge

n+1 books

center of mass /\ 0«
of all n+1 books w

‘ | at edge of book
L n+1
1
2(n+1)

center of mass
of top n books

Choose origin so center of n-stack at x = 0.

Now center of n+15 book is at X = 1/2, so

center of n+1-stack is at

‘= n-0+1-1/2 1
n+1 2(n+1)
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Book stacking summary

B, ::=overhang of n books

B,=1/2 |
B, = B, +
M 2(n+1)
1 1 1 1
= —|1+=+= -
By 2( AN +n]

L8-3.16

H, ::=1+l+l+---+l
2 3 n

ntt Harmonic number
Bn = Hn/2
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Estimate H,;:
Integral Method

1

W= 0|
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In(n+1) < H,
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Book stacking

SoH, - as n— o, and so

overhang can be any desired size.

Book stacking

Overhang 3: need B =3
H,>6
In(n+1)>6
So can do with n >[eé—11]=
Actually calculate H,, :
227 books are enough.
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.ﬁE 'eam Problem
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Gas truck

How big a desert can the truck cross?
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1 Tank of Gas
Vi P—

D,::= max distance on 1 tank = 1
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Ta

LetD, ==
max distance into the
desert using n tanks
of gas from the depot
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n+1 Tanks of Gas
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n+1 Tanks of Gas
—

So have:

Set depot at X
to be n tanks;
continue from
X with n tank
method.

18-3.27

depot at X

§BE Set{l—Zx)n—+(1—x5::n.

Then using n tank strategy
from position X, gives

Dy = Dy +X
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iR
(1-2x)n + (1-X) =n
1

X ontl
1

D, =D, +

N 2n+1

n+1
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In(2n+1)
2 - n
Can cross any desert!
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Team Problem

Problem 2
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Coo Integral Method n
Integral Method to bound ) Ini

i=1

Inn In (X) qmzmam
- | In (x+1) TS T
Ins -
In4 el |
In3 P —":’ L7 n ln n
2| ln 5 In4 In’5 n-1
7 ln2
1 2 3 4 5 n-2 n-1 n
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Closed form for n!
Factorial defines a product:

nt == 1.2.3--(n=-n =[]i
i=1

Turn product into a sum taking logs:
In(N!) =In(1-2-3---(n-1)-n)
=Inl+In2+---+In(n—1)+In(n)
n
=" In(i)
i=1

ttRubinfeld, , 2003.

Integral Method

Bounds on In(n!)

fln(x) dx < anln(i) < fln(x+1) dx
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Integral Method
Remlnder

Ilnxdx = xln(ﬁj:
e

Ine)=X(Inx—-1)
=XInXx—-X

X(In X —
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Integral Method
Iln xdx = XxIn
e
=XInX—X
Quickie:

verify by differentiating,.
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Integral Method
Bounds on In(n!)

L” In(x) dx < iln(i) < Lnln(x+1) dx

nln(ﬂjﬂ < Zn:ln(i) < (n+1)-1n(nT+1j+O.6

€ i1

S0 guess: 3 (i) ~ (n +%)ln [gj

i=1

Stirling’s Formula

A precise approximation:

n! ~ 27zn (Ej
e
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Integral Method

iZ;:ln(i) ~(n +%)1n (gj

exponentiating:

n
n
nNl~+n/e| —
e

Asymptotic Equivalence

f(n) ~g(n)
lim w =1
= g(n)
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Team Problem

Problem 3
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