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Binary relation R from A to B

codomain
B

domain
A

graph(R)
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Example
Arithmetic
Expressions values

“evaluates to”
1+2

Sqre(9)

50710 - 3
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Example
“direct bus

Cities connection”
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Relation Abstraction

(Binary) Relation: Lk
domain = set A .‘
e 9

codomain = set B
graph = subset of A x B

graph(R)z{ (al’bl)7 (a1’b3)» (a3’b3) }
AxB={ (a1’b1)’ (al,b2),(a1,b3)

(a,,b), (a,,b,),(a,,b,)
(a,,b), (a;,b,),(a;,b,) }
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Relation Abstraction

Relation on A: A S
@

domain = set A
codomain = set A
graph = {(alaal)a (31,33),(33,33)}
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*Equivalence
*Partial Orders

Types of Binary Relations on A

14-1.

n: Equivalence Relations
* Equivalence (mod 4):

1=5 (same remainder/4)
* Propositional equivalence:

(same truth table)
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Equivalence Relations

* Equivalent code (compilers):
X:=1;X:=x+1 =

(same effect)

* Rubik’s cube equivalence

v €

(same reachability group)

x::2?
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Def. of Equivalence on Set A

There is a function, f, on
A such that

aRb iff f(a) = f(b)
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Equivalence Relations
* Equivalence (mod 4):

1 =5 (same remainder/4)

f(x) = x mod 4

Hash Functions

How to map a large address space
into a smaller address space?

h Small
———> | address space

So no collisions occur?
h({namel)) = h((name2))

Large set of
addresses
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Hash Collision Equivalence

h({namel)) = h({name2})
Collides with is an
equivalence relation
(on addresses in large space)

Athena assigns user directories

based on the

first two letters of a username:
rab & raej inr/a/
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Same User Directory év\

delhi:"$ ssh athena.dialup,mit,edu

Warning? Permanently added host key for IP address "18.7.16.69" to 4

nown hosts,

“rpud

fafz/athena,mit, edususer/r/a/radhi

“rlw .,

index,html  rasburnd raiza’ rallenB3s ranib/ ra
rab. raejs raizamgs ralmeidas ranthonys ral
rabatin/ raf/ rajd ralph/ ranyings ral
rabbani/ raf aelm/ raj_ajay’ ralphonz raouls ra
rabbib/ rafaeln/ rajad ralphs/ rapa/ ra
rabis rafal/ rajappas rama. raparkers ra
rabi_u/ rafamit, rajas’ ramamurt.# rapiwats ra
rabind rafel/ rajbanzh/ raman;’ rapogo, ra
rabino/ raffib/ ra,jdeeps rameshz/ rappleys ra
rabraff/ raffiks rajeaw rameson, rapzon/ ra

Athena Equivalence

« Names with
same first 2 letters:

Ben = Betty
«f(name) = first two letters

Copyright © September 9.
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Partitions

Theorem: An equivalence
relation partitions its domain
into collections of equivalent
elements called

equivalence classes.
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Athena Partition

 All names starting with "aa"
* All names starting with "ab"
* All names starting with "ac"

* All names starting with "zz"

26 x 26 equivalence classes
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-m.  Some properties of relations:
Relation R on set A is
Reflexive:

if aRa foralla € A.
Symmetric:

if aRb — bRa for all a,b € A.
Transitive:
if [aRb A bRc] — aRc for all a,b,c € A.
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Equivalence Relation Properties
Equivalence Relation R on set A is
Reflexive: aRa

Symmetric: aRb — bRa

Transitive: [aRb A bRc] — aRc

14-1.22

T Equivalence Relation Properties
Theorem:

R is an equivalence relation
iff it is
Reflexive, Symmetric,

& Transitive
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Team Problems

Problems 1 & 2
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Ordering Relations

< on the Integers

< on the Reals

— on Sets (subset)

< on Sets (proper subset)
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~[B3<<4] —[4<<3]

® Partial Orders
y << X (much less than)

(say,y +2 < X)

Incomparable
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Partial Orders

The proper subset relation,
<,

on sets is the canonical
example.
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e (Proper) Subset Relation
{1,2,3,5,10,15,30}

(1,3,5,15}

{1,3}

{1,2,5,10}

1}
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Partial Order: divides

a divides b (a| b) iff
ka=Db forsomekeN
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Subset Relation
11,2,3,5,10,15,30}

{1,3,5,15} {1,2,5,10}

1,3}
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Divides & Subset

same "'shape"

L4-1.39

Def. of Partial Order on Set A

There is a set-valued
function, ¢, on A such that

aR Db iff g(a) c g(b)
fora =b
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Divides & Subset
Let

g(n)::= divisors of n
n|m iff g(n) < g(m)
forn zm

ccccccccccc 2005 14-1.3

Subset Relation
30 >{1,2,3,5,10,15,30}

15>{1,3,5,15}
10 >{1,2,5,10}

3513}
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Properties of C

[AcBand BcC]impliess AcC
Transitive
A < B implies —(B c A)
for A= B
Antisymmetric
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"5 Axioms for Partial Order
Theorem: R is a partial order iff

Transitive & Antisymmetric

(Compare to Equivalence:

Reflexive, Transitive, Symmetric.)
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Total Order on A
Partial Order, R, such that

aRb or bRa
for all azb €A
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Total Orders

a<borb<a
(for numbers a # b)
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Team Problems

Problems 3 & 4
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Total Orders

a<borb<a
(for all a, b)
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