LECTURE 13A
e Readings: Section 4.3, 4.4

Lecture outline

e Sum of a random number of
independent random variables:

— mean, variance, transform



Bookstore Example (1)

George visits a number of book stores looking for
the “Hair Book”. .

A bookstore caries such a book with probability — .

3
The time George spends in each book store is

exponentially distributed with A = 3.

George will visit bookstores until he finds the book.

We want to find the PDF, mean, variance of the
time he spends in bookstores.

Total time: Y =X+ Xo+ -4+ Xy



Sum of a Random Number of
Independent Random Variables

N : nonnegative integer-valued r.v.
X1,Xo, -+ i..d. r.v.s, independent of N .

let: Y =X;4 ---4+ Xy . Then:
Mean: E[Y] = E[E[Y|N]]

= E[NE[X]]

= E[N]E[X]

Variance:
Var(Y) = E[Var(Y|N)] + Var(E[Y|N])
= E[N]Var(X) 4+ (E[X])?Var(N)




Bookstore Example (2)

e Number of bookstores, N :

_1
- PMF py(n) = % (%)n (geometric, from n=1)
- Mean E[N]= +=3
3 1
- Variance Var(N) S R 6

e Time in each bookstore, X (i.i.d., indep of NV ):
- PDF fx(@) =373 ;>0
- Mean E[X] = %
- Variance Var(x) = 1

e Total time, Y :
- Mean E[Y] = E[N]E[X]= 1
- Variance \ar(Y) = E[N]Var(X) + (E[X])?Var(N)
=1

O|



Review of Transforms

> e px(a)

e Definitions: Mx(s) = E[eSX] - { /Oo T fx (x)d
_Ooe x\xr)dx

e Moment generating properties:

dn
@MX(@

— E[X"]
s=0

e Transform of sum of independent r.v.s:

X,Y independent W=X+4+Y

My (s) = Mx(x) My (s)




Transform of "Random Sum”

e N : nonnegative integer-valued r.v.

e X1,---, Xy i.i.d. r.v.s, independent of N .
e If Y =X74---4+ Xy, we have:
My (s) = E[e®]
=E [E[¢*”| V]|
— E :E[QS(X1+----I-XN)|N”

=E [Mx(s)"]

e Compare with: My(s) = E[(e®)"]

e Thus, to get My (s), start with My (s) and replace
each occurrence of e by Mx(s).




Bookstore Example (3)

e Number of bookstores:

e’/3

- Transform My(s) = 1~ 2¢5/3 =k [(GS)N}
e Time in each bookstore: (compare)
- Transform My (s) = &
3 —s
e Total time:
- Transform My (s) = E [MX(S)N]
_ (Sis) /3 — L

- PDF: fiy(y)= ¥ y>0 (exponential, with 1= 1)



Motivational Example

e Branching Process:

— Evolution, growth of a population of cells, increase
of neutrons in a reactor, spread of an epidemic...

Z(0) =1 ’

Z(1) = 2 Xy =2

22) = 4 X1(2) =3 XQ(QA) =1
2(3) = 6 K13 =2 X(3) =0 X3(3) =1 X3 =3
Z(t) =  X1(t) + X2 + +  Xze-1»H®

e Z(0) =1 and X;(t) i.i.d. geometric, incl. zero.
e We need: mean, variance, PMF of Z(t).



Branching Process: Mean

e Recall: Z(t) = X1(¢) + -+ Xz_1)(#)
e Fortimestep t: N=27(t—1)
e X,(t)iid.:: px(zr)=p(1-p)* z=0,1,--

EX]=p= 12 Var(X)=o°= P

e Mean (using previous slide):

E[Z(t)] = E[Z(t - 1)]u

e Solve recursively, e.g.: E[Z(#)] =



Branching Process: Variance

Var(Z(t)) = E[Z(t — 1)]o? + u?Var(Z(t — 1))

= p?Var(Z(t — 1)) + p' 102
o {t02 u=1

2, t—1 t_1
““M_(ﬁ‘ ) p#E1




Branching Process: Transforms

Z(t) = X1(t) + -+ X501y ()
e Recall, for time step © :
N=2Z(t—-1) Y=Z{)=X1+ -+ Xy

e Thus, to get My (s), start with My_1)(s) and
replace each occurrence of e° by Mx(s), where:

px(z) = p(1—p)* — My(s) = b
X S
M YA (O) (S ) — E Y ;{s‘; E { <~ :? = 1 if z =1
M (S) = p T rr 74 { E el TS {\ o f@
Z ( 1) 1 _ (1 . p) e S £ 4 {\ LN~ s 8 AN W
p p[l — (1 —p)e’]
(2) ]-—(1—]?)1 (1pp)es 1—p(1—p)—<1—p)63



Challenge

* For p=.5

 Show that

P(Z(n) =0) = n¥1
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