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Tutorial 8: Solutions
1. (a) Let A= {An arriving item is of type A}.

The 3 independent Poisson processes can be merged into one Poisson process with an arrival
rate of a + b+ ¢ items per minute. If § is a short time interval, then

P(A) = P({A type A item arrives}|{An item arrives})
P({A type A item arrives})

P({An item arrives})

ad

(a+b+c)

a
a+b+c
The probability that the first item is type A and exactly one of the next 9 items is type A
is

P(4) (?)P(A)(l ~P(A) = @P(A)?(l ~P(A)",

(b) Let B = {An arriving item is of type B}.
Let C' = {An arriving item is of type C}.

In order for there to be 5 times as many type A items as type B items, there can be either
5 type A items, 1 type B item, and 4 type C items, or 0 type A items, 0 type B item and 10
type C items. The probability of this event is the sum of the probabilities of the two cases:

10!
T P(A)P(B)P(C)* +P(C)°
where P(A) = —=—, P(B) = #7 and P(C) = 757

(¢) The total time between consecutive discharges is an Erlang random variable of order 10 and
parameter a 4+ b + ¢, with PDF

1049 ,—(a+b+c)t
fT(t) _ (a+b+c) z;!e >0
0 otherwise.
The mean and variance are E[T] = — +1b0+c and var(T') = ﬁ respectively.

(d) Let X = {Exactly two items from A arrive in 5 minutes}.
Let Y = {Exactly two items from B arrive in 5 minutes}.
Let Z = {Exactly two items from C arrive in 5 minutes}.

Because X, Y, Z are independent events, we know that

P({Exactly two of each of the three types arrive in 5 minutes})
= P(X)P(Y)P(2)
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2.

(a)

(b)

Since a given potential customer becomes an actual customer with probability p, we are
dealing with a binomial probability, and (:5,)) p3(1 — p)? is the probability of exactly 3 of the
first 5 potential customers being actual customers.

Potential customers become actual customers independently of each other. Thus,

P(the fifth customer is the third actual customer)

= P(any 2 of the first 4 customers become actual customer)

-P(the fifth customer becomes an actual customer)

= [)r*(1 =p)%lp) = (IP*(1 - p)*.

The process of incoming customers is being randomly split into two independent Poisson
processes: the process for the arrival of actual customers, with rate pA, and the process for
the arrival of potential customers who do not become actual customers, with rate (1 —p)A.
The store will close when 10 actual customers have arrived. Thus, the store closes when
we have 10 arrivals from the Poisson process of actual customers, which has rate pA. Thus,
L =T+ 15+ ..+ Ty, where T; is the interarrival time with an exponential distribution
and parameter pA. The distribution of L is the 10th order Erlang PDF,

fr(l) = w,l > 0. It follows that expected value of L is 11)—9\.

Since five potential customers have arrived, three of which are actual customers, we are
interested in the time for the next seven actual customers to arrive. Following from part
(c), the expected time for the next seven actual customers to arrive is pi)\. Adding the
expected time for the first five potential customers to arrive, we get that the conditional

expectation for the total time the store is open is % + pi)\.

The probability of no two actual customers arriving within 7 time units of each other is
equivalent to the probability of all nine independent interarrival times, seperating the ten
actual customers, being at least 7 time units apart. Thus,

P(no two actual customers arriving within 7 time units of each other) =

P([Ty > 7)°) = e 977 |

3. See problem 6.24, page 334 in the textbook.
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