VECTOR OPERATORS YV, x, e

Vector: A = x T yA + ZA,
Vector Dot Product: A § AxBy +AyBy + A;B; =|A||B|cos6
X vz A B
Vector Cross Product: A xB = det Ay Ay A, :|K||§|sine
By By B,

= X(AyBz —ABy)+9(ABy —AxB;)+2(ABy —AyBy)

y
13 1 . ’\6 I\a Aa
Del Operator: =R 49> 422
el” (V) Operator: V X6x+yay+zaz i
. _ <00 o 0b 500 []
Gradient of ¢:
| ¢ Vo=Xx Ve T 2% 3
. — — aA Ay oA
D fA: oA = y z
lvergence o VeA PV LS Y t
R ¥ i
“Curl of A”: Vx A =det|g/ox o/oy ofoz

Ax Ay A,
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PHYSICAL SIGNIFICANCE OF Ve, VX

Ve D is the “divergence of the vector field D”
Gauss’s divergence theorem:jV (VeA)dv = 4:-’55 (A-n)da

Gauss’s Law, Differential Form;V+D = p

o
jv (VeD)dv = 4553 (D-n)da = 'Dp dv 5

V xE is the “curl of the vector field E”

Stokes’s theorem: c“‘JCE-d§= ”A(VXE)-ﬁ da

- 0B E
Faraday’s Law, Differential Form: V xE = ,75 E;@

@CE-d§=HA(vXE)-ﬁ da:—ﬂAif-ﬁ dazchCE-d§
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MAXWELL'S EQUATIONS

Integral Form:

Cﬁ;ﬁsﬁ’ﬁda:ﬁ:ﬁ\/p dv <:> ®\5 Voﬁzp
[_)ZSE,EZHH @SEOﬁda:O <:> @\B V.§=O

Differential Form:

- E-.9B
D e

- oL vxH=7+9D
<£H ods = ”AJonda+%”ADonda / ot

Electric field

Magnetic field
Magnetic flux density
Electric displacement
Electric current density
Electric charge density

_volts/meter, V m1]
‘amperes/meter, A m-]
Tesla, T]

[ampere sec/m?, A s m~]
[amperes/m?, A m-]
‘coulombs/m3, C m3]
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MAXWELL'S EQUATIONS: VACUUM SOLUTION

Constitutive
Gauss's Law Relations

Faraday’'s Law: V x E = %—? VeD = D—s E
H 8D Vol§:O g |§:Hoﬁ

Ampere's Law: V xH=
O ot

EM Wave Equation:
Eliminate H: Vx(VxE):—HO%(VxH)

Use identity: Vx(VxA)=V(VeA)-VZA
0°E

e 2=
Yields: v()(yé)-v E =102 (VxH) = an .

2
aEO

EM Wave Equation1 V2E - Moo~ =
ot

Second derivative in space o« second derivative in time,
therefore solution is any f(r,t) with identical dependencies on r,t
2 2
! aplacian Operator: Ve(V$)=V 24 = ( y L0 )d
ay2 572
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WAVE EQUATION SOLUTION

Many are possible = Try Uniform Plane Wave (UPW), = f(X,y)

6%E

2—0

Example:  Try: E=YE\(z) in V2E - poao

vzEy = 67 Z
0’E, 82E ~ %( ‘7§
0z° atz
Trial solution:  E (z,t) = E.(t — z/c); E,(arg) = arb. function of (arg)

Yields:

Test solution: c¢? E”, (t —z/c) - e, E”,(t — z/c) = O iff:

C= Mlg ~ 3x108 [m s1] in vacuum (velocity of light)

E.(t—2z/c) [ propagation >

The positionewhere arg = 0
moves at velocity ¢

0 NZ; =
z=t=0=arg=0 arg=0att, =z,/c

L3-5



UNIFORM PLANE WAVE IN Z-DIRECTION

Example: E/[zt)= Ejuﬁ;) [Vim]
Func(arg) = Func*[(-c)(arg)] = Func*(z — ct)
E.G.: Ey(zt) = E, cos[o(t—2z/c)] = E, cos(at —kz),

where k = o/c = ®\/lo€g

To find magnetic fields:
B

Faraday's Law: VxE = -5 = H=-J(Vx E),1dt
Ry 2
VxE =det 674@2% 8/‘@;(0 0/6z| = —ROE, cos (ot —kz)/0z
E = -XKE,sin(ot — k
E‘)‘o y EZ‘() .Sin(® Z)

H = X|(K/u,)E,sin(wt — kz) dt = -X(E,/n,)cos(ot — kz)

k= 0\Ho€o , My =4/Ho!E&g
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UNIFORM PLANE WAVE: EM FIELDS

EM Wave in z direction:
E(zt)=YE, cos(ot-kz) , H(zt)=-%(E, /ng)cos(wt —kz)

tX H(z,0)

/\\ /\A/Electric energy density

\ ’ . -
Ve Y b (1 ,~—Magnetic energy density
& \“E_/ “L/ \ﬁ:JI — Z

Linearity implies superposition of n—o waves, all 0,¢
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ELECTROMAGNETIC AND OTHER WAVES

A “wave” Is a fixed disturbance propagating through a medium

A,BM B
/ wave veloc;@
0 : V~—/

A,B energy densityf

Z
Medium A B A energy B energy
String stretch velocity potential Kinetic
Acoustic pressure  velocity potential kinetic
Ocean height velocity potential kinetic
Electromagnetic H E magnetic electric
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Role of Maxwell’'s Equations and Fields

S Observable Reality
ources

N
}) J(X,y,2) [A/m?]
O~ rxy.2) [C/m7]
Maxwell’s
Equations

©

Lorentz Force Law:

The fields E, H and the displacement and flux densities D, B permit
division of electromagnetics into the Maxwell and Lorentz equations
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