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˜ t
∣
˜Eejω = E
∣∣ ∣
ej(ωt+φ) =

∣ ∣∣
Ẽ

∣
(cos(ωt + φ) + j sin(ωt + φ)) , (2.3)

the real part of

∣
whic

∣
h is

∣ ∣

  
˜E(t) = �(Eejωt ˜) =

∣ ∣∣
Er

∣
cos(ωt + φ). (2.4)

Now, turn the crank and apply trigono

∣
me

∣
tric identities to get more mean-

ingful ˜ ˜answers. In (a), Er = 1 and Ei = −1, so

E(t) = cos(ωt) + sin(ωt) =
√

2 sin(ωt + 45◦)

Also, the phase angle, φ, is arctan(−1) =√ −45◦, while the magnitude is
2, so

E(t) =
√

2 cos(ωt − 45◦) =
√

2 sin ωt + 45◦
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2.2 Problem 2

GIVEN

EejωtIf the electric field is E(t) = � ˜ , where Ẽ is a phasor, then what is

E(t) if

FIND

(a) Ẽ = 1 − j

WORK

ejωt = cos(ωt) + j sin(ωt) by Euler’s theory. If Ẽ = Ẽr + jẼi, where Ẽr and
Ẽi are both real quantities, then

Eejωt˜ = Ẽr cos(ωt) − Ẽi sin(ωt) + j Ẽi cos(ωt) + Ẽr sin(ωt) , (2.1)

the real part of which is

E(t) = �( ˜ Er cos(ωt) − ˜ (2.2)Eejωt) = ˜ Ei sin(ωt).

Alternatively, Ẽ may be expressed as the product of a magnitude and an
exponential,

Ẽ = ∣∣Ẽ∣∣ ejφ where φ = arctan E
˜

˜
i . Then 

Er





FIND

Ẽ if E(t) = x̂ cos(ωt) + ŷ sin(ωt + π/4).

WORK

The ŷ-component is identified immediately as the same result of the inverse
problem in part(a), so again, Ẽy = 1 − j. By inspection, the x̂ component
has a phase angle of φ = 0 and unity magnitude, so Ẽx = 1. Then

(1 − j)
Ẽ = x̂ + ŷ √

(2)

Useful Matlab Commands

Ep = exp(j*pi/4)-1 %Define complex phasor. You can use "i" instead of "j". 
angle(Ep) %Get phase angle of phasor. 
angle(Ep)*180/pi %Get phase angle of phasor in degrees. 
abs(Ep) %Get magnitude of phasor. 
%You could also do symbolic manipulation... 
syms w t 
real( Ep*exp(j*w*t) ) 
%...but you wouldn’t like the result (try it). 
%Plot the phasor in the complex plane. 
polar([0 angle(Ep)], [0 abs(Ep)]) 
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2.3 Problem 3

GIVEN

H� = x̂ sin(107πt − 0.2z) + ŷ cos
(
107πt − 0.2z − 5

)
π

2

2.3.1 Part a

FIND

Frequency.

WORK

First, for clarity, cos
(
107πt − 0.2z − 5

) (
5π

)
π = cos(107πt−0.2z) cos +sin(107πt−( ) 2 2

0.2) sin 5π , and since cos(5π/2) = cos(π/2) = 0, while sin(5π/2) = sin(π/2) =( 2 )
1, cos 107πt − 0.2z − 5π = sin (107πt − 0.2z) .

2

The phase front of the wave is given by the argument of the sinusoidal
functions: 107πt − 0.02z. This is a forward-propogating wave (increase the
time a little bit, and you have to move forward in the ẑ-direction to catch up
with the same phase). The phase is of the form ωt−kz, where ω is the angular

frequency (i.e. radians per second) and k the wave vector (i.e. radians per
meter). By inspection, ω = 107π, and since ω = 2πf , the frequency is

f = ω/(2π) = 5 × 106[Hz] = 5[MHz] , assuming time is given in seconds.

2.3.2 Part b

FIND

Wavelength.

WORK

The wave number, k, can also be identified by inspection. It is 0.2 (the wave

vector is �k = ẑ0.2, since the wave is forward-propagating in the ẑ-direction).

Since k = 2π/λ, λ = 2π/k = 2π/0.2 = 10π ≈ 31.42[m] .

There is a correspondence with the spatial period, or wavelength, λ, and
the temporal period, T : ω = 2π/T and k = 2π/λ.
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√

2.3.3 Part c

FIND

Velocity of light in the medium.

WORK

The phase velocity if this wave is given by c = ω/k. This is

ω 107π π
c = = = 108 ≈ 1.571 × 108[m/s] . For comparison, the speed of

k 0.2 2
light in vacuum is ≈ 3 × 108 [m/s] .

2.3.4 Part d

FIND

E(x, y, z, t)

WORK

E and H can be related through the characteristic impedance, η. The am-
plitudes follow the relationship, E = ηH, while the cross-product of E� and
H� points in the direction of the wave vector, �k.

The characteristic impedance, eta, is given by η = μ , while the velocity
ε

is c = √1
με

, so η = μc. If the medium is non-magnetic, then μ ≈ μ0 =

4π × 10−7[H/m],
As such,

E� = xη sin(107πt − 0.2z) − ˆˆ yη sin(107πt − 0.2z) , where

π
η = 4π × 10−7 ×

2
108 (2.5)

= 2π2 × 101 ≈ 197.4[Ω]. (2.6)

Again, for comparison, the characteristic impedance of vacuum is approx-
imately 377Ω.
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FIND

Time average intensity of the wave.

WORK

Ẽ2 9
For this plane wave, the time average intensity is given by = , where

2η 2η√

  

μ
η ≡ .

ε

2.4.2 Part b

FIND

(i) magnetic energy density, Wm(t), and (ii) electric energy density, We(t),
at x = y = z = 0.

WORK

2
�The magnetic energy density is given from W (t) = 1

m μ
2

∣
H

∣
, while the elec-

2

∣ ∣

2.4 Problem 4

GIVEN

1-GHz uniform plane wave propagating in the ẑ-direction in a medium with

permeability, μ, and permittivity, ε, characterized by the phasor, E�̃ = x̂3.

2.4.1 Part a

∣ ∣∣ ∣
tric energy density is given by We(t) = 1

2
ε
∣∣E� ∣∣ . These two quantities are

1
equal, and are both Wm(t) = We(t) = εE0

2 cos2(ωt) , where E0 = 3 is the
2

amplitude of the wave, as defined in the phasor. Note that the squared sinu-
soid produces a DC-component to the energy density as well as a sinusoidal
component varying at twice the driving frequency, ω.
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