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6.013, Electromagnetics and Applications
Prof. Markus Zahn
September 27 and 29, 2005
Lectures 6 and 7: Polarization, Conduction, and Magnetization

I. Experimental Observation: Dielectric Media

A. Fixed Voltage - Switch Closed (v = V,)

777/ RRR

X

As an insulating material enters a free-space capacitor at constant voltage
more charge flows onto the electrodes; i.e., as x increases, i increases.

B. Fixed Charge - Switch open (i=0)
As an insulating material enters a free space capacitor at constant charge,

the voltage decreases; i.e., as x increases, v decreases.

II. Dipole Model of Polarization

A. Polarization Vector P =Np =Nqd (p = qd dipole moment)
N dipoles/Volume (P is dipole density) d T +q
-q
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Mo field
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b / TN d  Torque =dx gE
o _‘_f =pxE
' -c—-——Gj-q
F=—gE
p=gd
Electronic polarization Orientation and ionic polarization
(a} (b}

Figure 3-1 An electric dipole consists of two charges of Fquai n;mg:_mude_ but opposite
sign, separated by a small vector distance d. (a) Elt_:ctrun_lc Rnlanzaqun arises when'the
average motion of the electron cloud about its nucleus is slightly d:splat..:ed. &) C?r:en-
tation polarization arises when an asymmetric polar molecule tends to line up with an
applied electric field. If the spacing d also changes, the molecule has ionic polarization.

Courtesy of Krieger Publishing. Used with permission.

Surface S C_Ld_a = (0 Charge leaves
"
d.da =< 0 Charge enters
v
Volume V
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Qinsidev = _C_[)qu'da = J.pp dv
S VLYJ
paired charge or
equivalently
polarization
charge density

Qucev = —§P+da=-[v.PdV = [p,dv  (Divergence Theorem)
S \

\2

B. Gauss’ Law

V.<8°E):ptotal =p, *+Pp =Py _V.P

Unpaired charge
density; also
called free charge
density

Gsyr Tsp
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V-5=pu 3(?5- a=IpudV3ﬁ-[5a—5bJ:05u
5 v

sp

VeP=p, = Peda=-[p,dV = ne[P-Po]= o
S \

V-(So E): Pyt P = (ﬁSOE-Ez J(pu +pp)dV = E-SO |:Ea —Eb:| =0y, + O,
5 v

D. Polarization Current Density

AQ =gNdV =qNd.da=P-.da [Amount of Charge passing through
surface area element da]

di, = % = %.E [Current passing through surface
area element da]
=1J,.da
polarization current density
= oP
], = —
Pt

Ampere’s law:

Vxﬁ:ju"rjp'i‘goﬁ
ot

= 0P oE
=v+—+¢,—
ot ot
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III. Equipotential Sphere in a Uniform Electric Field

z
T E = EI}TZ = ED[i-r COSH - TﬁSiI"IH]

lim® (r,0) = -E,r cos 6 [® =-E,z=-E,rcoso]

®(r=R,0)=0

R3
®(r,0)=-E, {r - r—z} cos 0

This solution is composed of the superposition of a uniform electric field
plus the field due to a point electric dipole at the center of the sphere:

p cos 6 : B 3
D yore = P with p = 4ne E R

This dipole is due to the surface charge distribution on the sphere.

3

= ¢k, {1 + ZE
r

:| cos o0
r=R

= 3¢g,E, cosH
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IV. Artificial Dielectric

% eV
E=—, =gE=—"—
d’ d
A
=c A=—vV
q=o, d
q €A
c=2-==
\ d

M| L
el E | r e o0 ¢v e .-i Figure 6.6.1 (a) Plane parallel
A T _ A @ ® & @& & & & capacilor wilh region between
WAL L L L elecirodes occupied by a dielectric.
R I

(b} Anificial diclectric composed of
+ ,_______J ! cubic amray of perfectly conducting
spheres having radius A and spacing

(a) ) (b) a.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

For spherical array of non-interacting spheres (s >> R)

P=4ng R*E i.=P, =Np, =4rg, R°E N

=2
I
AN

v, (electric susceptibility)

D=¢g E+P=¢[l+y, ]E=¢cE

g, (relative dielectric constant)

R 3
e=¢ ¢, =30[1+‘Ve]=80[1+475(§J J
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V. Demonstration: Artificial Dielectric

T

U

=
o
!

[

Flgure 6.62 From the microscopic
{ 3 } " point +u[ view, the increase in
capacitanck resulls because the
dipoles adjacent to the electrode
induce image charges on the
elecirode in addition to those from

{- I 1 the unpaired charges on the opposite
”""—""__ """t 4 electrode. )
/I baolanced
A

--------------------

o

05c,

R ————

step-up 0 el e -

Fig}m 6.6.3 Demonstration in which change in capacitance is used lo measuse the
equivalent dielectric constant of an artificial dielectric.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.
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6.013, Electromagnetic Fields, Forces, and Motion
Prof. Markus Zahn

1. = Rw(AC)V

Figure 6.6.4 Balanced amphificrs
of oscilloscope, balancing
capacitors, end demonsiration
capacitor shown in Figure 6.6.4
comprise the elements in the bridge
circuit. The driving voliage comes
from the transformer, while va 15
the oscilloscope voltage.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

_ 3
d s) d

R=1.87 cm, s=8 cm, A= (0.4)> m?, d=0.15m
o =2n(250 Hz), Rs=100 kQ, V=566 volts peak

AC=1.5 pf
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Vo = ©ACR, |V

=(2n) (250) (1.5 x 107*?) (10°) 566 = 0.135 volts

VI. Plasma Conduction Model (Classical)

m, dv. _ q.E-m. v, v. _Vp.
dt .

m 9V qE-mvyv -YP-
dt n_

p,=nkT, p =nkT

k=1.38 x 1072 joules/°K Boltzmann Constant

A. London Model of Superconductivity [T - 0,v, — 0]

dv.

m =qE , m % - qE
at RN
j+ =q.n V* ’ j— =-q_n_ V,
v v q+E 2 _
?iJ{ :%(qm”’*):‘% +C:th+=q+n+(m )=q}n”+ E
0, €
) v v —CLE 2 _
Ccljiti=—%(qin V)=—anLILt=_qn(m )= qI:nn_ E
— HZ;}
U)p7£
2 2
o =& e 4N (o, = plasma frequency)
p+ m s b e

For electrons: g.=1.6 x 107'° Coulombs, m.=9.1 x 107! kg
n.=10*°/m?, ¢ = ¢, ~ 8.854x10*? farads/m
2

o = 9" _56x10" rad/s
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f, =22 ~9x10" Hz
P 2n

B. Drift-Diffusion Conduction [Neglect inertia]

0
_+ - - V n kT —_ —
m+%\z=q+5—m+v+v+ Yy ):> V.= E_ kT vn
n, m,v, m,v.n
0
v/ = — V(n_kT — — _
mfdv =-qE-myv.v. - (’ ) V. = 9 E - kT vn
t ) m.v. m_v.n
- — qg°n. = qkT
Jib=q,n,v,=—=*E-—= vn,
m,v, m,v,
- — 2 p—
J=-gn v = 9.n. E + gkT vn_
m v._ m. v_
p,=4q,n,, p.=-qn_
1 = P, K, E—D+Vp+
3 =-p p E-DVp
u, = 4. / D, = kT
m,v, m,v,
o= , p = XT
m_v._ m_v._
charge molulities Molecular
Diffusion
Coefficients
D. B _KT _ thermal voltage (25 mV@ T~300°K)
K, K q
H_J

Einstein’s Relation
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C. Drift-Diffusion Conduction Equilibrium (1 =] = o)

J,=0=p,u E-D,Vp, =—p, u VO -D, Vp,

J=0=-p p E-DVp_=p_ pu VO -D_Vp_

vo = - - Vp, = _kTV(|np+)
p.Ky q
VO = LVP, = k_TV(|np7)
p_H_ q
p.=p e—q(b/kT
Boltzmann Distributions
p.=—p e+q(b/kT
p,(@=0)=—p (®=0)=p, [Potential is zero when system is charge neutral]

Vi) = P = _—(p+ Al pf) = ﬁl:e—qcb/kT — e*qd’/kT] = Zﬁsinhﬂ
€ € € € KT
(Poisson - Boltzmann Equation)

Small Potential Approximation: % <<1

gnh@zﬂ
kT kT
VZQ_M(D:O
ekT

V2o _L(iz =0; L,= {;’Ip(-; Debye Length
d o
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D. Case Studies

1. Planar Sheet

D(x=0) = Vg

Y

B.C. (D(X - ioo) =0

d(x)

\UIIDE-FI;LU UDE')’JLd

Y

Lectures 6 & 7
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ﬁe x>0
Ld
__do _
X dx
—ﬁex/Ld x<0
Ld
__8\/20 e X/t x>0
I‘d
—_ SdEX -
P dx
——SVZ" e/t x<0
I‘d
o, (x=0)=¢[E, (x=0,)-E, (x=0)]= Zivt’
d
2. Point Charge (Debye Shielding)
vo-2 -0 2
L/ = L(e)-2=00
dr L5
190 ( ) acDj ro=Ae"" 4+ Me'
r R
r2orl or ®(r) = Q
4ner
:la_(rq))
ror

E. Ohmic Conduction

If charge density gradients small, then vp, negligible = p

IJ=3 +1 =(p,m,—p n)E=p,(n, +p )E=oE
U

o = ohmic conductivity

J=cE (Ohm'’s Law)

6.013, Electromagnetic Fields, Forces, and Motion
Prof. Markus Zahn
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F. p—n Junction Diode

Transition region

Charge density p ‘

Electric field €

. 0
Potential V / Y

An open-circuited pn diode

AD =

Figure by MIT OpenCourseWare.

q)n_q)pzk_me

q n;
=0)=0 +qN“XF’2 = _aNo x,”

P 2¢ : 2¢
b - =qNDXn qNAsz
" P 2¢ 2¢
qN n
2"8 (xn+xp)

6.013, Electromagnetic Fields, Forces, and Motion

Prof. Markus Zahn

Lectures 6 & 7
Page 14 of 40



Pp

P = Ng =|"IiE-gd?T"f|T

Dp = J In Na_

n;

P= N P = Np
_Ni N;
N = TS
- i » X
~Xp 0O +Xn
A PO g
-Xp %
Xn
~gNa gNpXn = gNaXp
(Charge neutrality)
Ex
A
R X .x
Ey = +ﬂ[}{}2-)(rq:l
3
£y = “INa(x+x0)
£
_ gNp(x-xn)* +dy
e T
'r a/I > X
Xy AN
@ +aNa(X+Xp)? +Dp ————— 3
P= e

n = Np =n;ed®™/

lhﬂlﬂll

On ] nj
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VII.
by ¢ando.

Relationship Between Resistance and Capacitance In Uniform Media Described

Perfectly conducting

/ electrode

Total unpaired

‘__+
(free) surface g, /
+ Mathe matlcal

charge qy 1
line L
Mathematlcal
surface 5 " U
§D-da ¢ §E-da
C= qu = S_ — = S_ —
v J'E- s IE- s
L L
[E-ds  [E-ds
R:l: L S— = L ——
i <j‘>J. a chE- a
S S
[E-ds ¢ §E-da
RC: L _ L_ — =£
ccﬁE. a q‘;E- s o
S L
Check:
Parallel Plate Electrodes: R_L C ﬁ:>RC=V
c A | o

_.-—'—_—'-.h_‘_\: _ _ _ - _ _

¥ E.o

4 + 4+  + L . .
Area A

Qu

6.013, Electromagnetic Fields, Forces, and Motion
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Coaxial

+
I U
Depth L
In b
R=> /a| c=—2“b8':»Rc=%
T o In A
Concentric Spherical
11
R, R 4rne
R - 1 2 L R — &
i €T T 1 oRC g/
Rl RZ
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VIII. Charge Relaxation in Uniform Conductors

(o)
+ =0 = —
€

T

p, =0

Flgure 7.7.1 Within & moterial having
eniform conductvity and permirtivity,
initially there is & uniform charge density
Pu in & spherical region, having radius

a. In the surmounding region the charge
density is given to be initially zero snd
found 1o be always zero. Within the
spherical*regiom, the charge density is found
4 ra lndm'-:m:mqﬁmynhiknuhwh

Figure 7.72 The region between
plane paraliel electrodes is filled by
& semi-nsulating liquid, With the
application of & constant potential
difference, & metal particle resting
on the jower plaw makes upward
© excursions Into the fluld. [See

foomnote 1.]

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.
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Mathematical
Surface S
L~~~
/ £.a N
+ +
/
_|_
| 5
\ o x
e pd
~

\

Partially Uniformly Charged Sphere

b
T r=¢lo

gy = pge

0, ==L (1—¢tM)

f 4aR;’

Figure 3-21

Qe™™
dmeR |: ____E‘_
JFEQR?’
QF- e
4'".'!21
| | -
fy Ra

An initial volume charge distribution within an Ohmic conductor decays

exponentially towards zero with relaxation time 7 =g/o and appears as a surface
charge at an interface of discontinuity. Initially uncharged regions are always un-
charged with the charge transported through by the current.

Courtesy of Krieger Publishing. Used with permission.
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Po r<R;

4
P (t=0)= Qr = 37R P
0 r>R,
Py (t) = Po AT r<R, (Te = 8/6)
0 r>R,
~t/te ~t/7e
pore= Qre
3¢ 4neR] 0<r<R,
E (rt)=
Qe—t/re
Anor? R, <r<R,
Q
dng,r? >R
0

Q “yx
B 41‘(',R22 (1_e t/E)

X. Self-Excited Water Dynamos

A. DC High Voltage Generation (Self-Excited)

Courtesy of Herbert Woodson and James Melcher. Used with permission.[]
Woodson, Herbert H., and James R. Melcher. Electromechanical Dynamics,
Part 2: Fields, Forces, and Motion. Malabar, FL: Krieger Publishing Company,

1968. ISBN: 9780894644597.
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o i 38 _?u '
A

From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987.
Used with permission.

Fig- 7.2.1la Water drops fall inlo the cam (rough creds-conneched L
podentinl difference of more thar 20 kY betwesn mliai: spanisnesiusly atmld by lhj:

;ﬂ:-r:!r:ﬂfkmmm uwrlﬂ?;l :'Tg,m ":Ld"':!::lm ferm mearer to the rings
Courtesy of Herbert Woodson and James Melcher. Used with permission.[
Woodson, Herbert H., and James R. Melcher. Electromechanical Dynamics,
Part 2: Fields, Forces, and Motion. Malabar, FL: Krieger Publishing Company,
1968. ISBN: 9780894644597.
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dv S

-nC,v, = d_t2 v, = Vi e*
= =

dv S

—nCivz—Cd—t1 v, = Vze*

—nCi\A/1 =CsV:

—nCi\A/2 =CsV;

nc )
Cs
i nc
Cs
Det =0

@ root blows up

Any perturbation grows exponentially with time

B. AC High Voltage Self - Excited Generation

-iCn;(')" T _"-ﬁﬁ

From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987.

dv,

—nCiv1=C¥ ; v, =V, e*
dv o
-nC,v, =C —2 =V, e"
IVZ dt V2 2
dv S
_nC‘V3=Cd_t1 v, =V, e
nC Cs 0] |V
0 nC Cs||V2|=0
|Cs 0 nC ||Vs
G J T
Y
det =0

6.013, Electromagnetic Fields, Forces, and Motion
Prof. Markus Zahn

Used with permission.
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i 1+3j

5

60°
| Re
_1 Nﬂﬂ

1-3j

2

(1C) +(Cs) =0 = s = [”chj(_n%

s, = nC/C (exponentially decaying solution)

2
nC . .
S,3 = 2—'[1 J_r\/§3] (blows up exponentially because s, >0 ; but also
oscillates at frequency Simag # 0)
XI. Conservation of Charge Boundary Condition
a
b
V 'ju + apu = 0
$3.-da+S[p,dv =0
S dt \Y
ne[L-3]+Sq, =0
6.013, Electromagnetic Fields, Forces, and Motion Lectures 6 & 7
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XII. Maxwell Capacitor

Area A
X
- [ i ]
EII Eair TJa T Ea(t)
u(t) =i
bI € 0p ] Es®
[ ]
+4>—|
i(t)

at
e, ()="" e 12
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B. Step Voltage: v (t) =V u(t) V L(t)

,_rwr

Then % =V §(t) (an impulse)

At t=0

d

Fort>0, &Y -o
dt

€ c
E (t=0)=—2 " +A=_"" A=V b b
o ) c,b+o,a g,b+¢ga Labﬂzba cab+cba}

6.013, Electromagnetic Fields, Forces, and Motion Lectures 6 & 7
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6., (t)= £,E, (t) &, E, (t) = £, E, (t) - &, (%—%Ea (t))
=E, (t)(aa + sga] -g, %

C. Sinusoidal Steady State: v (t) = Re [Vej‘“t}
E, (t)=Re [E: ej‘”t}
E, (t)=Re [EAb ej‘“‘]
Conservation of Charge Interfacial Boundary Condition

o, E, (t) -0, E, (t) + %[Sa E,(t)-¢&,E, (t)} =0

E;I:Ga +jmaa]—|§;[cb +j0)8b]= 0

E.b+E,a=V
E;=!_Eaa
b b

£ a
b

o<

E:=[ca+jcosa]—[ ][cb+jmgb]=o

E, = {ca +joe, +§(cb +jmgb)} = %[cb +jog, |=0

~ o~

E E,

a —_

Vv
jog, +0, joe,+o, [b(c, +joe,)+a(c, +jos,)]

Gsu = gaEa - SbEb

(Sacb_sbca) \7
[b(c, +jog,)+a(o, +jog,)]

6.013, Electromagnetic Fields, Forces, and Motion Lectures 6 & 7
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D. Equivalent Circuit (Electrode Area A)

~ ~

I= (Ga +jmsa)EaA = (Gb +jo)8b)EbA

Vv
Ra Rb

R,C,jo+1 R,C,jor+l

R, = a , R, = b
c, A o, A
Ca=8aA, Cb=8bA
a b

v(t)

Courtesy of Krieger Publishing. Used with permission.
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XIII. Magnetic Dipoles

]

2m :
L=m, wk', '"‘“;“lﬂ
v = whiy

R I [-Lz'ﬂ:r

2
2 _fwhR
m=—~laR%, = ——7 |,

Figure 5-16 The orbiting electron has its magnetic moment m in the direction
opposite Lo its angular momentum L because the current is oppasite to the electron’s
veloaty. '

Courtesy of Krieger Publishing. Used with permission.

m = [d§

a5

Figure 5-14 A magnetic dipole consists of a small circulating current loop. The
magnetc moment is in the direction normal to the loop by the right-hand rule.

Courtesy of Krieger Publishing. Used with permission.
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Diamagnetism

e _ €eo

— - _ -—€eo = -ewnR? -
= = == m=-IzR>i, =—2 AR%i, = iz
2 2 ' : 2
o 7 2
Angular Momentum L=mR i xv =m, R(mR)(Tr xﬂ,j =m, oR? iz
- = 2me_
(rxp) = - m

e
linear momentum

L is quantized in units of 21 , h=6.62x10"* joule - sec
T

(Planck’s constant)

‘5‘=e|L|= eh _ eh ~9.3x10% amp - m?

2m, 2n(2)m, Aknme . y

Bohr magneton mg
(smallest unit of
magnetic moment)

Imagine all Bohr magnetons in sphere of radius R aligned. Net magnetic moment is

’ _ 26 H
m=m, [gnRs pj % —— Avogadro’s number = 6.023 x 10°°> molecules per kilogram-mole
0
-
Total mass molecular weight
of sphere

For iron: p =7.86 x 10° kg/m?, My=56

Figure 9.0.1 (a) Current 1 in loop of
iﬁ% L _l radius R gives dipole moment m. (b)
2R

Spherical material of radius R has dipole.
moment approximated as the sum of at
(a) (b) dipole moments.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.
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For a current loop

m=inR? = mg i7tR3pi:i=mBiRpi
3 M, M,

4

(6.023><1026)
ForR=10cm =i=9.3x10* [Ej(.1)7.86><103—

56

= 1.05 x 10°> Amperes
Thus, an ordinary piece of iron can have the same magnetic moment as a

current loop of radius 10 cm of 10° Amperes current.

B. Magnetic Dipole Field

H= %[2 cosOir+ sineTe} (multiply top & bottom by u,)
dnr’ g

Electric Dipole Field

E= L3{2coseir+ sineie}
dneg,r
Analogy
P—>up,m

P=Np=M=Nm, N = # of magnetic dipoles / volume
| N\

Polarization Magnetization

6.013, Electromagnetic Fields, Forces, and Motion Lectures 6 & 7
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XIV. Maxwell’'s EQS Equations with Magnetization

A. Analogy to Maxwell’s EQS Equations with Polarization
EQS MQS
Ve(e,E)=p, - VP V'(Moﬁ)=_v'(“oﬁ)

p, = -V +P (Polarization or paired

p., = -V '(Ho M) (magnetic charge
charge density)

density)
o (B -F)| =[P e i 7 <)) = <8 050

R oo S ]

Vxﬁ=j

VxE= -, (F4 M)

6.013, Electromagnetic Fields, Forces, and Motion Lectures 6 & 7
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B. MQS Equations

B =, (ﬁ + M) Magnetic flux density B has units of Teslas
(1 Tesla = 10,000 Gauss)

da = —
=—"=, »=[B.da (total flux
V= £ a )

XV. Magnetic Field Intensity along Axis of a Uniformly Magnetized Cylinder

L ]

Figure 9.3.1 (a) Cylinder of circular cross-section uniformly magnetized in the direction
of its axis. (b) Axial distribution of scalar magnetic potential and (c) axial magnetic field
intensity. For these distributions, the cylinder length is assumed to be equal to its diameter.

From Electromagnetic Fields and Energy by Hermann A. Haus and James R. Melcher. Used with permission.

Cem = —n-po(ﬁa—ﬁb): Gem (Z=%)= po Mg

%n (2= 95) = o M

VxH=]J=0=>H=-VV¥
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r 4rp,| r*+ Z—g r 4y, | r+ Z+g
0 2 0 2
1 1 1
| ridr =[r'2+(z+a)2]é
2 2 yz
[r +(z+a)]
1R 1
i 2 |2 2 12
‘P(z)=% r'2+ z—g - |r*+ z+9
2 2 2
) r'=0 r'=0
r 274 274
M R? + Z—g —z—g— R? + z+g +lz+=
2 2 2 2
AE(t)

| Me/2 {R+d-[R2+d?]*/2}

T . > Z
-df2 d/2
Courtesy of Krieger Publishing. Used with permission.
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XVI. Toroidal Coil

&
R

loroid axis

Figure 9.4.1 Toroidal coil with
donut-shaped magnetizable core,

Figure 9.4.2 Surface S
enclosed by contour C used
with Ampére's integral law
to determine H in the coil
shown in Figure 94,1,

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.
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Figure 9.4.3 Demonstration in
which the B = H curve is traced
out in the sinusoidal steady state.

) H, 2R ) _
V, =i R, =R, N (V, =Horizontal voltage to oscilloscope)
1
dr, . dv,
V2 =d—t2=|2R2 "er =Vv "rRZCZF
1 dx, dv, . .
If R, >> = ~R,C,—Y =%, =R,C,V, (V, = Vertical voltage to oscilloscope)
Co dt dt
2
_w N, B
4
2
= 1 nw B
R,C, 4
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l Figure 9.4.4 Typical magnelization

curve without hysteresis. For typical
— ferromagnetic solids, Lhe saturation flux
density is in the range of 1-2 Tr.sl_l. For
ferromagnetic domains suspended in a
liquid, it is .02-04 Tesla.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

Figure 9.4.6 Magnetization chmct:ris_tic
for material showing hysteresis with typical
values of B, and H. given in Table 9.4.2.
The curve is obtained after many cycles of
sinusoidal excitation in apparatus such as
that of Figure 9.4.3. The trajectory is traced
out in response 10 a sinusoidal current. as
shown by the insel.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

A\

-
'\v 'F"".
/hpphed
g field
- {
PAs

Figure 9.4.5 Polycrysialline femmomagnetic
material viewed a1 the domain level. In
the absence of an applied magnetic field,
the domain moments tend (o cancel, (This
presumes that the material has not been
lefi in a magnetized staie by a previously
applied field.) As a field is applied, the
domain walls shift, giving rise 1o a nei
magnetization, In ideal malerials, saturation
results as all of the domains combine inlo
one. In materials used for bulk fabrication
of transformers, imperfections prevent the
realization of this state.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.
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XVII. Magnetic Circuits

Contour of sntegration of

Ampere’s law
- /
[H]
;-l/ ™
\ u--
Vigiag J === — __*-!l l
I T ! ‘” i
' i N
1)
| et mmmm et
rf'! "\-F"ur]llwﬁg - .Irj :
- | 5 s .

=
.r ! | |

I |
| ]
Closed surface 5
] 1
[ “"‘"— hay rero net Flux
I
1
'

. I Sugin it

Flux gntering § | i

e L L L

Current j passes perpendicul arly
tnrough contour N Limes

Faraday's law evaluated lor dashed contour fallowing N
purn coil in the direction of the current

Figure 6-8 The magneuic field is zero within an infinitely permeable ngm_:tic core
and is constant in the air gap if we neglect fringing. The Aux through the air gap s
constant at every cross section of the magnetic circuit and links the NV wurn coil NV times.

Courtesy of Krieger Publishing. Used with permission.

In iron core: B
H=0
imB=uH=
H—>0
B finite

S

Dd N
®=p, HDd= e

S
¢$B-da=0
S

Dd . Dd
p=No =P 28 N2jo =22 B DA e
| S
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XVIII. Reluctance

S

(length)

Q:M:
)

[Reluctance, analogous to resistance]

Taen el

1, DA (permeability)(cross — sec tional area)

—_—
- =
i 1
'l" # = v-.&.ID
r ———— =
‘T‘H"‘- Cornour fes

wvnlsating Ampera | Liw F=Ximdl@, + __?”

b aFP, 270
:
. ED .,ﬂ%li.
b s [
L - ;t I-.:.D

= _::h::‘\&‘;- Pyifg for evabudisan

of Ampere's corguital
lavy wennch gred ul
that Hy = Hy = Midp

Figure 6-11 Magnetic circuits are most easily analyzed from a circuit approach where
{a) reluctances in series add and (§) permeances in parallel add.

Courtesy of Krieger Publishing. Used with permission.

A. Reluctances In Series

= S, = S
' waD’ > waD
@:L

R+ R,

$H-dl=H,s, +H,s, = Ni
C
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o=y HaD=p,H,aD

u, a, Ni

K, @, Ni H. =
= ; , =
M@ S, + 14,3, S M@ S, 14,3, S

B. Reluctances In Parallel

$Hedl=H s=H,s=Ni=H, =H, =—

C

Ni(®, +R,)

3 =Ni(? +%2)

CD=(u1H1a1+u2H2a2)D=

CP1= CP2=

1. 1
® " R,

P = % [Permeances, analogous to Conductance]

XIX. Transformers
(Ideal)

Cremt uee s

/'_1},--'-..;
! .ril—‘—}-r--—.a-—- J/‘

'

_:)v.lll 5 .E
alt—

i
wingeng |_ p. !

B oy
(
Awerage core lengin
¥ oy
LF] - .?’
Ll PTTRE T
.
i

jal

fiEHFt.E‘-H (a) An ideal wransformer relates primary and secondary voliages by the
Fa0IO ol turns while the currents are in the inverse rand so that the inpur power equals
the output power. The H Reld is zero wathin the infiniely permeable core. (4) In a real
transformer the nonlinear B-H hvsieresis loop causes 3 nonlinear primary current i,
with an ¢pén €ircuiied secandary (i3 = 0) even though the imposed sinusoidal voliage
v ® Wy cos wt Axes the Bux wo be sinusoidal, {¢) A more complete iransformer equis abene
girgut

Courtesy of Krieger Publishing. Used with permission.

Lecture 6 & 7

6.013, Electromagnetic Fields, Forces, and Motion
Page 39 of 40

Prof. Markus Zahn



A. Voltage/Current Relationships

oM 1
R pA

Another way: ¢H-dl=HI=N,i, —N,i
C

H:Nlil_NZiZ
I

®=uHA=¥(N1il—N2i2)=%

>

_ _u . N .
A, =N CI)—T(N12|1—N1N2|2)—L1|1—Mlz

A =N, ® =$(N1 N, i, - N,2i,) = -Mi, + L, i,

L =NiL,, L,=NL,, M=NN, L, Lo=$=%z?

M=[L,L,]?

_dry _ diydi _ L{ di, diz}
1-0

iTge T rdtdt tdt 2 dt

dx di di di di
V2=—2=+M—1—L2—2=N2L0 +N1—1— 2—2
dt dt dt dt dt
v, N ) '
Mo F— 3 Ef‘—’-‘w""’
v N L FE L
5 o e ol
. _ = e
. . . i N, S i
ImMH=0=Ni,=N,i, > *+=—-*% d, .
p—ow i N
2 1
\"
1 -1 =1 Figure ®.7.6  Circant representanion of
v, i, a translormer as defmed by ihe terrninal
relatsans of {1215 or of an te3l ransfarme
3 denned by (1 5)
Courtesy of Hermann A. Haus and James R. Melcher.
Used with permission.
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