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6.013 - Electromagnetics and Applications	 Fall 2005 

Lecture 19 - Electromagnetic Radiation 
Prof. Markus Zahn	 November 29, 2005 

I. Retarded Potentials 

A. Maxwell’s Equations 

¯ ∂B ¯ 
�× E = − 

∂t 

¯ ¯ ∂D ¯ 
�× H = Jf + 

∂t 
� · B ¯ = 0 

D = ρf� · ¯ 

¯ ¯ B = µH, D ¯ = �E ¯ 

B. Vector Identities 

�× (�Φ) = 0 

� · (�× Ā) = 0 

�× (�× Ā) = �(� · Ā) −�2A ¯ 

C. Potentials 

� · B ¯ = 0 ⇒ B ¯ = ��× A ¯ � 

E = − E + = 0 �× ¯ ∂

∂t 
B ¯ 
⇒ �× ¯ ∂

∂t 
A ¯ 

¯ ∂A ¯ 
⇒ E + 

∂t 
= −�Φ 

H ¯ = J̄  
f + �

∂E ¯ 1 
Ā) = J̄  

f + �
∂ 
� 

∂A ¯ � 

�× 
∂t 

⇒ 
µ
�× (�× 

∂t	
− 

∂t 
−�Φ 

∂2A ¯ ∂Φ 
A = µJf − �µ − �µ��× (�× Ā) = �(� · Ā) −�2 ¯ ¯ 

∂t2 ∂t 
1 ∂Φ 1 ∂2A ¯	 1 

A +	 = −µJf , c =�2A ¯ −� � · ¯ 
c2 ∂t 

− 
c2 ∂t2 

¯ 2	

�µ 

Setting the gauge (Lorentz gauge): 

1 ∂Φ¯ � · A = −
c2 ∂t 

1 ∂2A ¯ 
2

�2A ¯ − 
c ∂t2 = −µJ̄  

f 

∂	 � ¯� ρf 1 ∂2Φ ρf 
2 �

� · E ¯ = −
∂t 

� · A −�2Φ = 
� 
⇒ �2Φ − 

c ∂t2 = − 

1 



� � � � 

� � 

� � � � 

� � � � 

D. Solutions to the Wave Equations 

1. Solution in Time Domain

In spherical coordinates:


1 ∂ 2 ∂Φ 1 ∂ ∂Φ 1 ∂2Φ �2Φ = 
r2 ∂r 

r
∂r 

+ 
r2 sin(θ) ∂θ 

sin(θ)
∂θ 

+ 
r2 sin2(θ) ∂φ2 

Consider a point charge Q(t) at r = 0. Then ∂ = ∂ = 0, Φ = Φ(r, t):∂θ ∂φ 

2Φ = 
1 
2 

∂
r 2 ∂Φ 

=
1 ∂2 

(rΦ)�
r ∂r ∂r r ∂r2 

Then 
2Φ − 

1 ∂2Φ 
= 0 for r > 0 

∂2 

(rΦ) − 
1 ∂2(rΦ) 

= 0
2 2

�
c ∂t2 ⇒ 

∂r2 c ∂t2 

This is a wave equation in rΦ(r, t) 

r r 
�������0 

rΦ(r, t) = f+ + f t +t − 
c �− �� c � 

No sources for r > 0 
so only waves 

emanating radially 
outward from point 

charge at r = 0 

f+(t) Q(t) Q(t)
lim Φ(r, t) = = f+(t) = 
r 0 r 4π�r 

⇒ 
4π�→ � � 

Φ(r, t) = 
Q t − rc 

4π�r 

2. Solution in Frequency Domain 

ˆ jωt QejωtΦ(r, t) = Re Φ(r)e ,Q(t) = Re ˆ

d2 � � ω2 
ˆ ˆrΦ(r) + 

2 rΦ(r) = 0 
dr2 c

ˆ A2e
ω 

������0 
rΦ(r) = A1e

−jkr + � �� +jkr � , k = 
c 

No −r traveling 
wave 

A1 Q̂ Q̂ˆlim Φ(r) = = A1 = 
r 0 r 4π�r 

⇒ 
4π�→

ˆ Q̂
e−jkr 

� Q̂ jω(t− r ) 
� 

Φ(r) = 
4π�r 

⇒ Φ(r, t) = Re �4π�r 
e�� c � 

Spherical Wave 
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� 

� 

0 

Vector Potential 

1 ∂Φ ˆ jω 
2 2

� · A ¯ = −
c ∂t 

⇒ � · A ¯ = −
c

Φ̂


¯
Â = 
1 
2 

∂
r 2Âr +

1 ∂ 
sin(θ)Âθ +

1 ∂ 
� 
Â�φ � · 

r ∂r 

� � 

r sin(θ)�∂θ�

� 
��������0 

∂φ 

��

r sin(θ)� 
∂ 

= = 0
∂ 
∂θ 

1 ∂ � 
r 2Âr 

� 

r2 ∂r 
∂ � 

2 ˆ
� 

r Ar
∂r 

r 2Âr 

Âr 

∂φ 

jω 
= −

c2 

d 
= 

ˆ Q̂
e−jkrΦ = −jω��µ4π��r 

2 ˆ
� jωµ 

Q̂re−jkr r 
dr 

Ar = −
4π 

jωµ
Q̂ dr re−jkr 

4π 

jωµ Q̂ e−jkr 

= −

= −

= − 

= − 

= − 

(+jkr + 1)
4π (+k2)

jωµ Q̂
(1 + jkr)e−jkr 

4πk2r2 

ω�j�µQ̂
(1 + jkr)e−jkr 

4πω��2��µr2 

jQ̂
(1 + jkr)e−jkr 

4πω�r2 

3. Solutions for Volume Charge and Current Distributions 

Φ(r, θ, φ, t) = 
� 

dV 
ρf 
� 
t − rQP 

c 

� 
all charge 4π�rQP � � rQP 

� 
2 ¯ 1 ∂2A ¯ 

¯ ¯ µJ̄  
f t − c� A − 

c2 ∂t2 = −µJf ⇒ A = 
all current 

dV 
4πrQP 
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II. Radiation From a Point Electric Dipole


� � 
Iejωt ̄ī(t) = Re ˆ iz 

Q̂ = 
Î

at z = ± 
dl 

jω 2 
ˆp̂̄ = Qdl̄iz (dipole moment) 

A. Vector Potential 

Az(r, θ, t) = Re 
� 
Âz(r, θ)ejωt 

� 
,

∂ 
= 0 

∂φ �� + dl ˆ
rQP ) 

� 
2 µIejω(t− 

c 

Az(r, t) = Re 
dl 

dz 
4πrQP−� 2 � 

µÎ jω(t− r )= Re e c 

4πr 

ˆ
Âz(r) = 

µIdl 
e−jkr, k = 

ω 
4πr � � c 

Az(r, t) = Re Âz(r)ejωt 

īz = īr cos(θ) − ̄iθ sin(θ) 
A ¯ = Az ̄iz = Az (̄ir cos(θ) − ̄iθ sin(θ)) 

Âr = Âz cos(θ), Âθ = −Âz sin(θ) 
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From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987. Used with permission.



� � 

� � 

� �� � 

B. Scalar Potential


jc2 
ˆ jc2 � 

1 ∂ � � 1 ∂ � ��


Φ = ˆ
ω 
� · A ¯ = 

ω r2 ∂r 
r 2Âr + 

r sin(θ) ∂θ 
sin(θ)Âθ


ˆ
� � 

2e−jkr 
� � �� 

j �µIdl cos(θ) d r�� �sin(�θ�) ∂ sin(θ) 
e−jkr= 

2ω��µ 4π r dr r�
− 

r�sin(�θ�) ∂θ r 

Idl(1 + jkr)e−jkr−j ̂
= cos(θ)

4πω�r2 

ˆ
= 

Qdl 
(1 + jkr)e−jkr cos(θ)

4π�r2 

C. Magnetic Field ⎛
���

⎞ � � � 0 
ˆ 1 ˆ 1 1 ⎜ ∂ ∂Aθ ⎟¯ = ¯ ⎝ �

��
0 

� ⎠ ̄irH
µ
�× A = 

µ r sin(θ) ∂θ 
Aφ sin(θ) − 

�∂φ ⎛
r�

⎞
���

0 � � � �� 
īθ ⎜ 1 ∂ 0 īφ ∂ ∂Ar∂Ar ⎟ ⎝ � Aφ+ 
r sin(θ)�∂φ 

− 
∂r 

�� ⎠ + 
r ∂r 

(rAθ) − 
∂θ 

∂
(with Aφ = 0, = 0)

∂φ 

¯ 1 
A ¯ = ¯ 1 ∂ ∂Ar


H = 
µ
�× iφ 

µr ∂r 
(rAθ) − 

∂θ

ˆ � �


Ĥφ = − ̄iφ 
Idlk2 

sin(θ) 
1

+
1 

e−jkr


4π jkr (jkr)2 

D. Electric Field 

ˆ̄ 1 ¯̂ 1 
� 

1 ∂ � 
ˆ

� 
¯ 1 ∂ � 

ˆ
� 

¯
� 

E = 
jω�

�× H = 
jω� r sin(θ) ∂θ 

Hφ sin(θ) ir − 
r ∂r 

rHφ iθ 

¯Idlkˆ 2 
� 

µ � 
2 cos(θ) 

� 
1

+
1 

� 

= − 
4π �

ir · (jkr)2 (jkr)3 

+ īθ sin(θ) 
� 

1
+ 

1 
+ 

1 
�� 

e−jkr 

jkr (jkr)2 (jkr)3 

E. Far Field Limit (kr � 1) 

ˆ Idlk2 

lim Êθ = 
µ

Ĥφ = 
E0 sin(θ)e−jkr, Ê0 = − 

ˆ µ 
kr�1 � jkr 4π � 

Same relationship 
as plane waves 
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� � � � 

� 

� 

� �� � 

III. Power Density


S ̄ = 
1

Re ¯̂ Ĥ̄∗ 

2 � 
E × � � � ��

1 1 1 1 1 
Ē̂ = Ê0 2 cos(θ)̄ir (jkr)2 + (jkr)3 + sin(θ)̄iθ 

jkr 
+

(jkr)2 + (jkr)3 e−jkr 

¯ ¯Ĥ = 
Ê0 

iφ sin(θ) 
� 

1
+ 

1 
� 

e−jkr 

η jkr (jkr)2 � � � ��� �
2 

¯ ¯� 
S ̄
� 

= Re 
|Ê0| sin(θ) 2 cos(θ) 

1
+

1 1
+

1 
ir × iφ2η (jkr)2 (jkr)3 −

jkr (jkr)2 � �� � 
� �� � � 

− ̄iθ 

1 1 1 1 1 
+ sin(θ) + + + īθ × ̄iφ

jkr (jkr)2 (jkr)3 −
jkr (jkr)2 � �� � 

īr⎛ ⎞ 

� 2 ⎜ 1 1 1 1 ⎟ 
¯� ̄  |Ê0 ⎜ ⎟

S = 
|

sin(θ) Re − 2 cos(θ) ⎜ + + ⎟ iθ2η ⎝− 
(jkr)3 − 

(jkr)4 (jkr)4 (jkr)5 ⎠ � �� � � �� � � �� � 
imag cancel imag⎛ ⎞ ⎜ ⎟ ⎜ 1 1 1 1 1 1 ⎟+ sin(θ) ⎜ + + + ⎟ ̄ir⎝− 

(jkr)2 (jkr)3 − 
(jkr)3 (jkr)4 − 

(jkr)4 (jkr)5 ⎠ � �� � � �� � � �� � � �� � 
real imaginary/cancel cancel imag 

sin2(θ)¯ ˆ Idlk2 µ
= 
|Ê
2
0

η

|2 

k2r2 ir, E0 = − 
ˆ

4π 
η, η = 

� 

� 

IV. Total Time Average Radiated Power 

A. Power � π � 2π 

�P � = dθ dφ �Sr� r 2 sin(θ) 
0 0 

= 
|
2
Ê

ηk
0|

2

2 � π 

dθ 
� 2π 

dφ sin3(θ) 
0 0 

Ê0|2 2�π 
� π 

= 
| 

2�ηk2 dθ sin3(θ) 
0 

π Ê0
2 � 

1 
� ��π 

= 
|
ηk2

| −
3 

cos(θ)(sin2(θ) + 2 � 
0 

4 
3 

=
4π ˆ 2 

3ηk2 |E0|

π ˆ 2k�4 2 

=
4�� |Idl|

η�2 

k�2 4�� 23η�� 16π�

ˆ
= 
|Idl

12
|2

π

ηk2 
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dl

λ

� �2 η 
4π��

2  

�π 
2

Antenna Gain: 

G(θ, φ) = 
�S�r 

�P � /4πr2 

= 
|Ê0|2 sin2(θ) · 3ηk2 · 4πr2 

2ηk2r2 · 4π|Ê0|2 

3 
= sin2(θ)

2 

B. Radiation Resistance R 

Idl 2ηk2 1 ˆ 2R�P � = 
| ̂

12
|
π 

=
2
|I|

R = 
η 

(kdl)2 = 
6π 6 � �

2 dl 
= πη

3 λ � � �2µ0 dlIn free space: η0 = �0 
≈ 120π ⇒ R = 80π2 

λ 
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From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987. Used with permission.
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C. Effective Length of Antenna: Î(z)


If 
dl 
λ 
� 1, but current distribution depends on z : Î(z) � dl � dl 

2 

Ãz(r) = 
+ 

2 

dz 
µÎ(z)e−jkrQP µe−jkr + 

dz Î(z) 
dl 4πrQP 

≈ 
4πr dl 

2 2
− −� dl 

dleff =
1 + 

2 

dz Î(z) 
dlÎ(z = 0) − 
2 

Example: 

Î(z) = 
I0 � 1 − 2dl

z � 0 < z < dl 
2 

I0 1 + 2dl
z −dl 

2 < z < 0 

Î(z = 0) = I0 � dl � � 
�� dl 

dleff = 
I

1 

0

+ 

dl 

2 

dz Î(z) = 
I

1 

0 

I0

2 
dl 

=
2 

2
−� �2 

��� � �2 

R =
2πη dleff = 20π2 µr dl 
3 λ �r λ 

D. Rayleigh Scattering (or, why is the sky blue?) 
Electric field of light from the sun polarizes particles with dipole moment p̄ in direction 
of Ē. 

ˆ
ˆ Idl ˆp̂ = Qdl = 

jω 
⇒ |Idl| = |ωp̂| 

ˆ
�P � = 

|Idl|2ηk2 

12π 

= |ωp̂|2 ηω

12

2

π

�µ 

= ω4 2 η�µ|p̂|
12π 
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From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987. Used with permission.



Higher frequencies, and thus shorter wavelengths, are scattered in direction of Sincident: 

red: λ ≈ 633 nm 

blue: λ ≈ 450 nm 

Blue light is thus scattered more than red. 
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From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987. Used with permission.


