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6.013, Electromagnetics and Applications
Prof. Markus Zahn, November 8 & 10, 2005
Lecture 16 & 17: Electroquasistatic and Magnetoquasistatic Forces

I. EQS Energy Method of Forces

a) Circuit Point of View

8. q
':.__(//—\ —_—

S~
(a)

(b)

Figure 11,6.1 (a) Elcclroquasisiatic
systemn having one elecirical terminal pair
end one mechanical degree af freedom, (b)
Schematic reprasentation of EQS subsystem
with coupling to externg! mechanical
syslem represented by 2 mechanical
terminal pair.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

qg=C(¢)v
_dg_d dv, ,9¢(8)
|—dt—dt[c(a)v]_c(§)dt+v dt
dv  dC d&
=C(9) at Ve dt
. d _ dv ,dC dg
Pin_"'—"a[c(@)v]—c(@) at "V e at
d(1z), 29Cde
Ol v e
:i|:lC(E_,) 2:|+£V2d_C%
dt|2 2 de dt
dw dg
dr dt
W=energy  mechanical power
storage  (force xvelocity)

6.013, Electromagnetics and Applications

Prof. Markus Zahn

Lecture 16 & 17
Page 1 of 23



_1 2 _
W_Ec(a)v =5V 3
1 ¢ d°_ 1,df 1
2.C?(g) dg 27 dglC(g)

b) Energy Point of View
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Figure 11.6.2 Path of line inlcgration in
sisle space (g, £) used 1o find encrgy al
location C

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.
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Il. Forces In Capacitors

fal
From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987. Used with permission.

o, = +€E, = rev (Lower electrode)
X
a=ocA=eE A=A —c(x)v
X
€A
C(x)=—
()=

(b}

Figure 3-36 A parallel plate capacitor (a) immersed within a dielectric fluid or with
{b) a [ree space region in series with a solid dielectric.

From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987. Used with permission.
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a) Coulombic force method on upper electrode:

1 1 . 1lev?
fX—EGSEXA——ESEXA———X—ZA

{% because E in electrode=0, E outside electrode = E,
Take average

Energy method: C(x)=—"

v= =X f=-£L 47 - -
C(x) eA " 2,7 ZpaZ  2¢A
b)
1|
- B areg A
| =
Es e
W | J L Figure 11.6.3 Specific example of EQS
: : —J-Tb systems having one electrical and one
— E, mechanical terminal pair.
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I1l. Energy Conversion Cycles

Figure 11,64 Apparatus used 10
demonstrate amplification of voltage as the
upper electrode is raised. (The electrodes
are initially charged and then the vollage
source is removed 50 g = constant.) The
electrodes, consisting of foil mounied on
insulating sheels, are about 1 m x I m,
with the upper one insulated from Lhe
frame, which is used 1o control its pesition.
The voltage is measured by the electrostatic
voltmeter, which “loads” the system with a

¢ " capacitance that is small compared 1o that
electrostatic of the electrodes and (a1 least on a dry day)

voltmeter & negligible resistance,

=)
my

Flgure 11.6.5 Closed paths [ollowed

in cyclic conversion ol energy from
mechanical to electrical form: () in (g, v)
plane; and (b} in (/. £) plane,

e A — B. With"v = 0, the upper electrode rests on the plastic sheet. A voltage V, is
applied.

s B — C. With.the voltage source removed so that the upper electrode is electrically
isolated, it is raised (o the position £ = L.

o C — D. The upper elecirode is shorted, so that its voltage retums lo zero.
o D — A, The upper elecirode is returned to its original position at £ = 0.

Is electrical energy converted 10 mechanical form, or vice versa?

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.
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gSvdq, cﬁf&dg >3

-
YT

Electric energy in, mechanical energy out.

éﬁvdq, Sﬁf&dg <(i

YT

Electric power out, mechanical energy in.

B D
fvda= jvdq+jvdq=%c(0)vg —%C(L)Vz
A C

(L+b je
CJSVdOI=% (0)V§ 1_Tb8 =—%C(O)V§%%<O (electric energy out)

2 2 2
1q _,1C(0)% =+lc(o)v2{ eX }
2 A 2 gA

-1 2 8L _
§ide = SC0)V op = Pvea

(JSfd& < 0 = mechanical energy out is negative means mechanical energy is put
in
Mechanical energy is converted to electrical energy
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IV. Force on a Dielectric Material

D . _|r depth Figure 11.6.6 Slab of dieleciric panially
£ c exiending beiween capacitor plates The
kr spacing, a. is much less than either b oor

i ,J_ S the depth ¢ af the system Rtlo '..I'u: paper.

X Further, the upper surface ai £ 15 many

J : spacings a away from the upper and lower
' edges of the capacilor plates, as is the
—_ lower surface as well,

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

TRl LI
1 ,dC(¢g
(=il
1
=Ev2§(8—80)

In equilibrium:
Mass density

e

1 5,cC
f.==v —(e—-¢gy)= ac
e =5V 3 ( 0) pgs

fluid weight
2
_1Vvi(e-¢g)

S

2 pga

6.013, Electromagnetics and Applications Lecture 16 & 17

Prof. Markus Zahn Page 7 of 23



Figure 11.6.7 In a demonsiratien of the
polarization force, a pair of conducting
trunsparent elecirodes are dipped into a
liquid {eerm ail dyed with food coloring).
They are closer 1ogether a1 the upper righi
than at the lower lefi, $0 when & vollage s
applied. the clecinc field inicnsiiy decreases
with increasing distance, r, lrom the apex
As a result, the liguid is seen o rise 10 3
hzight that vares as 1/r%. The clectrodes
are aboul 10 em = 10 em, with an elecine
field exceeding the nominal breakdown
strength of air a1 simospheric pressune,

3 x 10* V/m, The expeniment is therefore
carried oul under pressurized nitragen,

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

a—>or
g:lvz (e-¢&)
2 pgo’r?

V. Physical Model of Forces on Dielectrics

Figure 11.8.1 An electric dipole
experiences a nel eleciric force if the
positive charge g is subject 10 an electric
field E(r + d) that difTers from E(r) acting
on the negative charge 4.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

=q( -V)E
= (5 V)E Kelvin force
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Figure 11.9.4 In terms of the Kelvin
force densily, the dieleciric liquid is pushed
into the field region belween capacitor
plates because of the forces on individual
dipoles in the fringing feld.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.
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¥
#

Alinear dielectric is always attracted into a free space capacitor because of the net force on dipoles in the nonuniform
field. The dipoles are now aligned with the electric field. no matter the voltage polarity.
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VI. MQS Energy Method of Forces

(b)

o

(a) Magnetoquasistatic system having one electrical terminal pair and one mechanical
degree of freedom. (b} Schematic representation of MQS subsystem with coupling to
external mechanical system represent by a mechanical terminal pair.

A. Circuit Approach
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B. Energy Method

dr _dw, . dt

vi=idt = .2 = dW,_ =idr - f d¢
dt dt dt :
ow, =S
3 a&
7\« = ConStant &=constant
A l
AdE=0
f=0
0
Wm=j_/:dg+ [ idn
%=0 g=constant
| = L
L(¢)
A %
Wm = dr =
g=constant L (a) 2L (é‘)

= _6Wm = _l 2 i 1
fi B 08 L=constant 2 g da (%(é)\}
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VII. Force on a Wire over a Perfectly Conducting Plane

Da?‘i'\“ D

Figure 11.7.3 Cross-section of perfectly
conducting current-carmying wire over a
perfectly conducting ground plane.

R S J—
F &7

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

1D £ 3 2 [See Haus & Melcher p. 343,
L(E)=Z—In=+ (E] -1 take ¥ of Eq. (12) which is the
inductance between 2 cylinders]

A. Energy Method

dL () _ wf” D 1

de 47R \/(%)2 .

1.
f ==
© 2

Q [ 2 3
E/R—

Figure 11.74  The force wnding 1o
levitate the wire of Figure 11.73 s 2
function of the distance to the ground planc
normalized 1o the radius R of wire.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

B. Method of Images Approach with Lorentz Force
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Depth D

Image current |

ST

Ho
d
e ey Ll s T LIS £l g—»oo
a= E'E"_RZ
l ¥ image current -i
f =iD [T _ i’ D _ i’ D
: 2n(2a) 4ra  4AgJe? - R?

C. Demonstration: Steady State Magnetic Leviation

Figure 11.75  When the pancake coil is
driven by an ac current. it flants above ihe
alumimem phats. In this experiment, the coll
consists of 250 wms of Mo. 10 sluminem
wire with an guter radius of 16 cm and an
inmer one of 2.5 cm. The aluminum shest
has a thickness of 1.3 cm, With a 60 He
curreni & of abowt 20 amp rma, the haigh
sbowe the plaie i 2 cm.

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission.

VIIl. One Turn Loop
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Figure 6-35 The mmmﬂ:mmﬁmmhghop tends to expand the loop.

From Electromagnetic Field Theory: A Problem Solving Approach,

by Markus Zahn, 1987. Used with permission.

| By X1
= — = :(D = 0
Ho=o 0 @ =pH xl, L(x) A -
_HOXII
D
A. Energy Method

f :£|2dL(X):£|2H_OI
2 dx 2 D

B. Lorentz Force Law

f=[JxB dv
A
X
l S
— | el

L-".D
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Model surface current K, = as volume current of small thickness §

1
D

|
J = —
¥ D8

VxH=J= —2=—_ =-—=H,=-—(x-(g+3))

fo = [J, uo H, dxdy dx
\%

-7 (lO'j(x ~ (&+8))1 & dx

2.D5( H5

E+3

= THoll )(2—2—(§+6)x}

D&? L x=t
T TR B
=05 5 > (&+3) +§(§+6)}

_—Mo|2|__l 2 z
=5 I 2(§+6) +2+§6i|

— _MOIZ I __362
2

1% comes from integrating uniform volume
current over small thickness §

General formula: f = J'Rxﬁav ds
S

0
B +B,.
For our case: B, = tal ar — EB ,
av air
2 2
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IX. Lifting of Magnetic Fluid

-’

A e e
oo
L~ |
A
]
5 n
m}-; | . Depthd
N %
s - ¥
Rl _IEE | ISR
o0 o BT, Pe—o g 0 S e

S e
In an experiment this is the magn |5ri|: analog of that shown i figure
11.94 a magnenzable liquid is pushed upward into the field region
between the pole faces by the forces on magnetic dipoles in the
fringing region at the bottom.

A. Energy Method Approach

®=H[pt+p,(I-¢)]d

Nd
S

(g +p, (1-8)]i
x=Nq>=N?2“[ug+uo(l—g)]i

L) =2 =Ny (-]

1 S

1,dL _ 1N°#Pd
f="P—== -
T2 de 2 s (1= o)

1N*#d

f.=p,ghds=— (u—uo)

1 N2 A
h=2 5 (o)

2 s?p, 0d °
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B. Magnetization force

Fe = 1o (M= V)H,

= U, MX%'FM aH’(+MZa X
ox Y oy

H_}

9

. oH

VxH=J=0 My ¥
oy oX

oH oH

Fo =t | M, —% + M, —
x “{Xa yax}

f, = [F, dxdydz

:—(“_2“0) jl j T%(HX2+Hy2)dxdydz

Xx=-0 y=0 z=0

(H _Mo)dN

N |
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X. Magnetic Actuator

U oo
— i :
aval '
:_} X
! E——Area A
Np turns L Mo turns
e Area Ay —»
LLgy
s
1 |T ilT
o O o 0O
}"'I }l.,g
c_ﬁﬁ-d§= H, (x +a) + H, (a—x) =N, + N,i,
C
H A
HoH A, = uH,A, = H, = 22
1
A, . .
H,| (a-x)+(a+x)==2| =N, +N,i,
Al
(Nli:L + N,i, ) A,
H, =
A (a-x)+(a+x)A,
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H = (NJi; +N,i,p ) A,
YOA (a-x)+(a+X)A,

l"’O Nl Al AZ (Nlil + N2i2)
A, =N H A =
17 M Ho T A (a-x)+(a+x)A,

Ho N, AL A, <N1il + Nziz)

=N,y H, A, =
P =MokoF A, A (a-x)+(a+x)A,

dw =i, di, +i, dA, — fdx
d(iA, +ih, —w) =21, di, + 2, di, + fdx

w’ (co-energy)

dw' =2, di, + A, di, + fdx

ow'’
f=4+—
OX ip,i, constant

(X,i1,02)
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dw'= [ fdx+ [ dip+ [ a,di

1 2 3
i =i,=0 i,=0 ij=constant
X=constant X=constant

dw' = I L, ()i, di, + _[ (M(x)i, +L, (x)i, ) di,

x=chmstant A conatant

=L, (®)i2 + M), + TL, (x)i?

2 2
f:+M :1'12 dL1+1i22di+il'2d_M

OX 27 dx 2° dx dx

i,y

Xl. Synchronous Machine

Semoarth- Abr-Cap Machines

Stator (a) axis

Rotor axis

Stator (b) axis

Schematic representation of smooth-air-gap synchronous
machine with field (de) winding on the rotor and balanced
two phase stator (armature ) winding.
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Stator magnetic axis

Highly permeable A

2] . .
magnetic material N‘: magnetic axis

Stator

Rotor slot Stator slot
Stator coil

Fotor tooth

Length 1 perpendicular
to page

Geometry of smooth-air-gap rotating machine showing distributed windings on
stator and rotor of a single-phase machine.

Ao = L4y, +Mi. cosé
Aps = Lgips + Mi, sin®
A, =L, i +M(i,, Sin® +i, sino)

dw=i_da_ +i dh, +i di, —T°do

d(W =g Ay —ipg Ape —ip A, ) = —dw'

_Ias

W' =i Ay +ipg Aps +i, A, —W co-energy

dw' = di + A, di + A, di +T°d6
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w'= [ Tdo+ [ agdig+ [ aedig+ [ adi

as as r
ips =0 6=constant 6=constant 6=constant
is =0 ips =0 ias=constant ips=constant
i.=0 1.=0 ii=0 ib,s=constant

@ @ ® @

las

Ibs

Y

0
w'= I/fde+jLs i digg + [Lipodig+ [ [L,i +M(i,, cos 0 + iy, sin0)]di,

is =0 6=constant
ips =0 ips=constant
i, =0 ips=constant

@ @ ® @
w :%L i +%Lsibsz+%Lr i” +Mi, (i,, cOs 6 +i,, sino)

T® :+% = Mi, (-, Sin6 +i, cos 6)

Balanced 2 phase currents

i,, =1, cosot, i, =I sinot, i =1 =o,t+y

r

T® =Ml, I (-cosot sinb +sinot cos6) =MI, I sin(ot - 6)
=Ml I sin((0-o,)t-7)

<T*>20=>0=0,

T = -MI, I siny

d’e do
‘]_2 =T° - B_
dt dt
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0=o,t+7,+7'(t) . v'(t)<<7v,

-MI I siny, —Bo=0

. Bo
siny, = -
o= ",
I 4
-Tt
]’O
T
\ f T - B/ MIIs
Equilibrium
Pullout when [siny,| =1 = Bo=MI, I,
Hunting transients: sin(y0 + y') ~ Siny, COSy '+ COSy, Siny’ ~ siny, + y'cosy,
oy’ o :
J e -MI, I cosy,y =By =—(MI, I cosy, +B)y
ﬂ+ =0 ; ?=[MI, I, cosy, +B]/I
dt2 Oy Y = ’ Oy = r's Yo
y'=A, sino,t+ A, coso,t
Stable if o,> >0 (o, real)
Unstable if o> <0 (o, imaginary)
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