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Fall 2005

6.013 - Electromagnetics and Applications
Lecture 14 - Waveguides

Prof. Markus Zahn November 1, 2005

I. Parallel-Plate Waveguides

A. Waves with Oblique Incidence onto a Perfect Conductor

oo TE:
i E = 2E;sin(k,2) sin(wt — ky)iy
H= 217EZ { — cos(0;) cos(k,z) cos(wt — ky)iy
+ sin(6;) sin(k, 2) sin(wt — kwx)iz}
G (a) TM:
E=2E, [cos(e,-) sin(k, 2) sin(wt — ke)is
A — sin(6;) cos(k,z) cos(wt — kxac)iz]
>z H = 2B cos(k,z) cos(wt — kyx)iy

=

ky = ksin(6;), k. = kcos(6;), k = wy/ep,n =
€

(b)
Figure 7-17 A uniform plane wave obliquely incident upon a perfect conductor has its
angle of incidence equal to the angle of reflection. (a) Electric field polarized parallel to

the interface. (b) Magnetic field parallel to the interface.
From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987. Used with permission.

B. Perfectly Conducting Plane Placed at z = —d
Boundary Conditions:

E(2=—-d)=0,Ey(2=-d)=0,H.(2 =—d) =0
nm

sin(k,d) =0=k.d=nn =k, = i
2
k:i + k§ =Wl = ky = Jw2en — (%)
1

nmwc
k., real = w > T,C:

1

E

For wave propagation:



Cutoff frequency (n =1) : we, =

d
2 2
Guide wavelength: A\, = o i
kw 2 nw) 2
wiep — (*F)

nmc 1

C. Time Average Power Flow

1. TE

E =Re {Ea(z)ej(‘“tfk”)]
H =Re [ﬁ](z)ej(“’t_k”)}

E(z) = —2jE; sin(k,2)iy

7 2E; z = x .. =

H(z) = ., [—l; cos(k,2)iy + %(—j sm(k:zz))zz]
5 1z a*_—jjzf 2 k. N 1 _
S = 2E x H* = 7 |E;| sin(k,z) {k: cos(k,2)i, + k: sin(k;z2)iy

T

A ~ 2|E;|%ky . 2 - _
(8) = %Re [E X H*} = {knsm (k22)ig w > 1Z¢

0 w <
w > % = k, real (Propagating wave)
w < % =k, = ja (k. imaginary: Evanescent wave)
2. TM
A 'k _ k _
E =2F; [_sz sin(k,z)i, — f cos(k,z)i,
2 2F; _
H = = cos(k.2)iy
n
_ 2|Ej|? cos(k.2)

~ 1 IS £ . . _ )
§= 5 (E x H ) 77k [_]kz Sln(kzz)zz + kx COS(kZZ)Zx]

3. Field-Line Plots, Surface Charge and Surface Current
Surface Charge Distributions

TE



(b) TM; mode

Ax | E(t) | Ax _
. A =

(a) TE; mode
E(t) i
L A —

™
k

cos(k,d) = cos(nm) =
(k=d) () {—1 n odd
Surface Current Distributions

TE

Role = 0) = ol =0) = -25=
Ry(z=d) = —Hao(z = d) = —QE@:‘Z cos(k.d)
T™
Rolz = 0) = ~Fiy (= 0) = =
Rolz=d) = (= = d) = % cos(k.d)



II. Governing Equations

A. Maxwell’s Equations in Linear Lossless Media with No Sources

_ oH
E=—pu—
VX " or
_ OF
H=¢—
in 6875
V-E=0
V-H=0
B. Wave equations
_ 0 o _ ’E
VX(VXE)_V(M—VQE_—u;(VXH)——GM%ﬁ
_ 10°FE 1
2p_ 98 2 1
v 2 o2 ¢ €L
_ 0 o ) _ 0*H
VX(VXH)ZV(M;—WH:ea(vXE):—eMW
_ 19°H
2 g
VH_028t2

III. Transverse Magnetic (TM) Modes (H, = 0) [Rectangular Waveguide]

A. Solution for F,
E, =Re [Ez(x,y)ej(“t_kzz)}

1 0°E, O*E, O%E, w? .
c2 ot? Ox? Oy?

Try product solution: E.(x,y) = X (z)Y (y)
d’X (x) d’y w?
v + Xy = (-5 ) X@v )
1 d*X(z) 1 &Yy 5, W
+ =k2- =
X(z) da? Y (y) dy? 22

—k2 —k2
2 2 2 w?
ky 4k + k7 = =
1 d2X A2 X
— = k= -+ k2X(2) =0
X(z) dx? x:>d2+x (@)
1 d?Y 2
— = k= 4 kYW =0
Y (y) dy? Vo dy? ThY W)
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X(x) = Aysin(kew) + Az cos(kpr) _ Ea(,y) = X(2)Y (y)
Y (y) = Bisin(kyy) + B cos(kyy) = (A sin(kax) + Az cos(ky))-
(Bi sin(kyy) + Ba cos(kyy))

B. Boundary Conditions

E.(z,y=0)=0= By =0
= E,(z,y) = Eysin(k,z) sin(k,y)

E.(x=0,y)=0=A4,=0
nm

Ez(:r,y:b):0éky:7 n=123,...
Ez(ac:a,y):O:>kgc:m m=1,2,3,...
iy
T € u
X .
"ﬁl"_'_-ﬂ—-——)-]

2

Figure 8-27 A lossless waveguide with rectangular cross section.

From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987. Used with permission.

C. Solution for E,, E,
TMpm, modes: H, =0

0H,
(VX E); H ot =0
0 |0E, OFE,
ozl 0z dy
0 _ oE, O0FE, OF,
@‘V.E: = oz Byy+ 0z
0’E, O°E,
0x? 0x0y
O’E, 0°E, O*E. 0




O*E, N »#E,  OE. 0*E, 9°E, OE,

- — —ik.
Ox? oy? 0yoz = Ox? + Oy? Oy (=ik:)
= jk.kyEysin(kyx) cos(kyy)
Ey(w =0,y) = Ay(:c =a,y) =0
kB

Ey - m Sln(k$x) COS(kyy)
8E$ aEy ]kykzkx
oy 9B 2k Eq cos(kzx) cos(kyy)
- ke |
E,=— oy Ey cos(kyx) sin(kyy)

D. Solution for H (% — —jk.)

5]
B oH - 1 (0E, -
VxBE=—p2l s f, = k. E
x Mot qu<5y i y)
Jjweky .
— Eqsin(k,) cos(kyy)
k2 + k2
N 1 S Ez
Hy,=—- <_jszw_a )
Jwek, .
E— Ey cos(kgx) sin(kyy)
k2 + k2
H,=0

Check Boundary Conditions: ﬁy(:c, y=0)=0, I:Iy(x =b,y)=0
Hy(x=0,y) =0, Hy(z = a,y) = 0

E. Surface Charges and Currents

~ ~ jkzkxe .
Gi(r=0,y) =€eby(z=0,y) = — Eysin(kyy)
/ k2 + k2 v
o ~ jkzkxe .
Gr(x =a,y) = —eby(x = a,y) = 121 2 Ey cos(mm) sin(kyy)
Ty
A A jkzky6 .
Gr(x,y=0) =eby(x,y =0) = — Eysin(kyx)
k2 + k2
A r jkzky6 .
Gf(x,y="0) = —eby(xz,y =b) = 2 2 Ey cos(nm) sin(k;x)
z + y
2 o f o Jkywe .
Ry = 0) =~y = 0) =~ Bosin(ha)
5 N B o Jkywe .
K, (x,y=5b) = Hy(z,y =0b) = ey Ey cos(nm) sin(kx)



Jkpwe

K.(x=0,y) = Hy(x =0,y) = — 212 Eqsin(kyy)
. N j kpwe .
K.(x=a,y) = —Hy(x = a,y) = ﬁEg cos(mm) sin(kyy)
x Y
y
b + + + + + .
R St R Electric field ( )
7 RN o
+§/\;( :&hjh_/z; /_+ E= kJ;kiz ol
/ \ <
[ \ \ i, = kAL omnk,xcosk
- —|\——>——{— _f_<_‘,f_+ YR +k2 5
_l\// \L EZ—EO sin k.x sin kyy
+ 9 A e e W P +
L F dy_E, _k tankx
—_—— - o dx E. k tanhy
* T!;ln F ’ " i [cos kzx]{u&‘)! i
——————=const
y cos ky
A
» A L Magnetic field (----)
//,kii\\\ ///Jx(:trjx\\ P}, ;;:i’._, Eosin kex sin kyy
/[ kg j A o !
" = k
+ } | =z I } —L—>-—1 [ .

| |
T T T 1 : dy H, -k*coxk,x
! ; Lo | dy_H,_
|
TN A \ N" d H. hooky

\ » / \ i / =sin kx sin kyy = const
N 7 \\ A 2 12
W SN Tl mir nw w
1 ) * h=—, k=—, "==[_c2_*3"*3}

TM2|

Figure 8-28 The transverse electric and magnetic field lines for the TM,, and TMa; modes The electric field is
purely z directed where the field lines converge.

From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987. Used with permission.
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IV. Transverse Electric (TE) Modes (E, = 0) [Rectangular Waveguide]
A. Solution for H,

H,(x,y,2,t) = Re [ﬁz(x’ ) et =hs2)

1 0*H, 0*H.  0°H. w? -
2 z z 2
H,=— —k; H,=-=_H,

v 2o T o + Oy? c?

H.(z,y) = (Aysin(kyz) + Az cos(kyx)) (By sin(kyy) + By cos(kyy))
2
with k2 + k2 + k2 = 2 = WPep
c

Boundary Conditions:



B. Solutions for H, H,

b JkkaHo mn nm

. = W sin(kzx) cos(kyy) ky = 0 ky = 2
& ]kzk Hy .

y = Wyki cos(kzx) sin(kyy) m=0,1,2,3,...;n=0,1,2,3,...
H. = Hy cos(ky) cos(kyy) (but at least one of m,n non-zero)

C. Solutions for E

OE 1 _ 9E, 1 (8H, OH,
EZEVXHj ot :e(ay_32y>
0E, 1 (0H, OH.
ot 6(82 _ax>
dE, 1 (0H, OH,
ot _e(ax_ay>

R 1 (oH., . - jwpk .
Eac = - ( 8y +]szy> = k% _’_l:gHO COS(I{?I.’L') Sm(kyy)

- 1 ) jwik,
E,=— (— k. H, — > Sl Hysin(kzx) cos(kyy)

Jwe Oz CR2+ k2
E, =0
D. Surface Charges and Currents
. . Jwepky .
= O’ = E = s = H k
op(x =0,y) = ebp(x ) el sin(kyy)
. k
6p(x =a,y) = —eEy(z =a,y) = _jc;e,u ZHO sin(kyy) cos(mm)
ki + k;
A A T ) — Jwepky .
Gf(x,y=0) =eEy(x,y=0) = _WHO sin(kzx)
_ jwepk,

Hysin(kyx) cos(nm)
k2 + k2

V. Cut-Off
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LWL Hy cos k.x sin by
x ¥

—jwiih

Hg sin kx cos ky
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h="0,

a

nmw
=21 &

I R |

= cos kx cos ky = const
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Figure 8-29 (a) The transverse electric and magnetic field lines for various TE modes. The magnetic field is purely z directed where the field
lines converge. The TE,; mode is called the dominant mode since it has the lowest cut-off frequency. (b) Surface current lines for the TE,;; mode.

= const

+ +
TE,,

From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987. Used with permission.
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(b)
Figure 8-29

From Electromagnetic Field Theory: A Problem Solving Approach, by Markus Zahn, 1987. Used with permission.

C A

For a > b, the lowest cut-off frequency is for the TE 1y mode.

mm nm
a

Cut-off frequency: k, = 0= w,, =c¢ [( 2

_E _wco_i
wCO_a:>fCO_27T_2a
For a=1cm, c=3x 10° m/s = fo, = 45 = 1.5 x 101° Hz
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Fora =10 m = f, = 32?118)8 = 15 Mhz (Thus you cannot hear the radio in a tunnel.)

For f < feo, k. is imaginary.

VI. Waveguide Power Flow

A. TM Modes
1 4 L X .
() = 5 Re |75 (B + Byiy + Buiz ) x (Hyio + Hyiy ) 9]

[ (EA'fo[; — Eyf{;> i+ E, <ﬁ*%y - ff*ix) ]e J(k=—k%)z

_

pure imaginary

(k is imaginary below the cutoff)

o—d(k=—k)z L f> feo k., real
e 2lkz|2 ,f < feo k. imaginary
we E 2 i —k*)z . .
(S.) = 2(l<:2’+0L:2) Re [k:ze J(k=—kZ) (k?c COSQ(kz:U) 81n2(kyy) + k; st(ka:) COS2(]€yy))}
z Y
0 k. imaginary (f < feo)
N “€,L§°+'k’§§ (k: cos? (k) sinQ(k:yy) + kzg sin2(kxx) cosQ(k:yy)) k. real (f > feo)

/ / ) dx dy
z=0

wek,abE}
= 5779 79\ kz 1 co
8(k2 + £2) real (f > feo)

For TM Modes, m,n =1,2,3,... (m =0 or n = 0 not allowed)
B. TE Modes

_ 1 . L : L L f N g
(S) = 3 Re [(Eﬂx + Eyiy) o ikaz o (H;’jzx + Hyiy + sz’z) eﬂczz]

1 PN Aoa N\ = A - - : x
= S Re || (Bl - B, A7) i — H: (Eviy - By ) }e—ﬂ’%—’%)Z]
pure imaginary
1 WM’HOP 2 2 .2 2 2 2 —j(ka—k2)z
(S,) = 32+ k2 (k; cos® (kex) sin®(kyy) + k3 sin®(kyx) cos®(kyy)) x Re [k‘ze : ]
z Ty
0 k. imaginary (f < feo)
é“’k‘é'f,ﬁl k. (kfj cos? (k) sin2(kyy) + k2 sin? (k) cos2(kyy)) k. real (f > feo)
wpkab|Hol|?
Vdwdy— 1 SwEE e #0
S ray = wukzab\Ho|

(K2 1RZ) morn=2~0
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