6.003: Signals and Systems

Z Transform

September 22, 2011



Concept Map: Discrete-Time Systems

Multiple representations of DT systems.

Block Diagram System Functional

X —-H— Y Y 1
144 —==H(R) = — 3
[)elay|<4144+[3elay| X 1-R—-R

Unit-Sample Response
hin]: 1,1,2,3,5,8,13,21,34,55, ...

Difference Equation System Function
Y (2) 22

yln] = aln] + yln—1] + yln—2 HG) = 30 = 7=



Concept Map: Discrete-Time Systems

Relations among representations.

Block Diagram “—— " sSystem Functional

X —=@O—— Y Y 1
T_{ —==H(R) = — 3
Delay|<—1—{ Delay| X 1-R—-R

A \ / 4
Unit-Sample Response
hin]: 1,1,2,3,5,8,13,21,34,55, ...

e N

Difference Equation System Function

— Y(Z) 2

yln) = ln] + yln—1] + yn—2) 2= 3o~ =



Concept Map: Discrete-Time Systems

Two interpretations of “Delay.”
Delay —- R

Block Diagram —°  System Functional

X —-H— Y Y 1
t444 —==H(R) = — 3
[)elay|<4144+[3elay| X 1-R—-R

Unit-Sample Response
index|shift — pr1. 1,1,2,3,5,8,13,21, 34,55, . ..

v

Difference Equation System Function
Y (2) 22

yln] = aln] + yln—1] + yln—2 HG) = 30 = 7=



Concept Map: Discrete-Time Systems

Relation between System Functional and System Function.

Block Diagram System Functional
X ﬂC)—» Y X B H(R) B 1
T—{Delay|<—1—{ Delay| X T 1-R-R2
Unit-Sample Response

R—1
hin]: 1,1,2,3,5,8,13,21,34,55, ... z

Difference Equation System Function

Y(z 22

y[n] = z[n] + y[n—1] + y[n—2] H(z) = () _ .1

X(z) =z



Check Yourself

What is relation of System Functional to Unit-Sample Response

Block Diagram System Functional

X A(D—» Y Y 1
: = HR) = oy
[)elay|<4144+[3elay| X 1-R—-R

/

Unit-Sample Response
hin]: 1,1,2,3,5,8,13,21,34,55,...

Difference Equation System Function
Y (2) e
yln] = a[n] + yln—1] + y[n—2] (=% = 71




Check Yourself

Expand functional in a series:

Y 1
x MR =1

1 +R +2R? +3R3 +5R* +8R5 +- -

1-R-R?[1
1 —R —R?
R +R?
R —R%2 —R3
2R? +R3
2R2 —9R3 —2RA

3R3 +2R4
3R3 —3RY —3R5

1

:m=1+R+2R2+3R3+5R4+8R5+13R6+...

H(R)



Check Yourself

Coefficients of series representation of H(R)

H(R) = 5 =1 + R+ 2R+ 3R% + 5R + 8R* + 13R + -

are the successive samples in the unit-sample response!
hin]:1,1,2,3,5,8,13,21,34,55,...

If a system is composed of (only) adders, delays, and gains, then

H(R) = h[0] + A[1]R + h[2]R? + h[3]R3 + h[4|RY + - -

= Z h[n]R"™

n

We can write the system function in terms of unit-sample response!



Check Yourself

What is relation of System Functional to Unit-Sample Response?

Block Diagram System Functional

X —-H— Y Y 1
144 —==H(R) = — 3
[)elay|<4144+[3elay| X 1-R—-R

S HR) = SR

Unit-Sample Response
hin]: 1,1,2,3,5,8,13,21,34,55, ...

Difference Equation System Function
Y (2) e
yln] = a[n] + yln—1] + y[n—2] HE) = %05 = 7=5 -1




Check Yourself

What is relation of System Function to Unit-Sample Response?

Block Diagram System Functional

X A(D—» Y Y 1
: = HR) = oy
[)elay|<4144+[3elay| X 1-R—-R

/1(73) =S h[n]R"

Unit-Sample Response
hin]: 1,1,2,3,5,8,13,21,34,55,...

.

Difference Equation System Function
Y (2) e
yln] = a[n] + yln—1] + y[n—2] (=% = 71




Check Yourself

Start with the series expansion of system functional:

H(R) =) h[nJR"

Substitute R — 1:
z

H(z) = Z hln]z™"



Check Yourself

What is relation of System Function to Unit-Sample Response?

Block Diagram System Functional

X —-H— Y Y 1
144 —==H(R) = — 3
[)elay|<4144+[3elay| X 1-R—-R

S HR) = SR

Unit-Sample Response
hin]: 1,1,2,3,5,8,13,21,34,55, ...

\ H(z) = S hln]z ™

Difference Equation System Function
Y (2) e
yln] = a[n] + yln—1] + y[n—2] HE) = %05 = 7=5 -1




Check Yourself

Start with the series expansion of system functional:
H(R) =) h[nJR"
n
) 1
Substitute R — —:
z
H(z) = Z hln]z™"
n

Today: thinking about a system as a mathematical function H(z)
rather than as an operator.



Z Transform

We call the relation between H(z) and h[n| the Z transform.
H(z) = Zh[n]ziﬂ
n
Z transform maps a function of discrete time n to a function of z.

Although motivated by system functions, we can define a Z trans-
form for any signal.

Notice that we include n < 0 as well as n > 0 — bilateral Z transform
(there is also a unilateral Z transform with similar but not identical
properties).



Simple Z transforms

Find the Z transform of the unit-sample signal.

d[n]



Simple Z transforms

Find the Z transform of a delayed unit-sample signal.



Check Yourself

s

[ What is the Z transform of the following signal.

-0—0—0——0
—4—-3—-2-—1
1 z 21
3. 4.
1—%,2*1 1—%z 1—%,2




Check Yourself

What is the Z transform of the following signal.




Check Yourself

-

[ What is the Z transform of the following signal. 2 }

—4-3-2-1
1 1 —4
1 = 2. — 3 27 4. Z7 — 5. none
l—gZ 1—§Z 1—gZ l_gz




Z Transform Pairs

The signal z[n], which is a function of time n, maps to a Z transform
X(z), which is a function of z.

(T\" (L
gj=|g ) ulr] © (2) = —=—
For what values of z does X (z) make sense?

The Z transform is only defined for values of z for which the defining
sum converges.

Therefore <1, ie., |z]| > <.

20



Regions of Convergence

The Z transform X(z) is a function of z defined for all z inside a
Region of Convergence (ROC).

\" 1 7
- X(2)= —— > —
(8) drl o X@) =i B>

21



Z Transform Mathematics

Based on properties of the Z transform.

Linearity:
if x1[n] “ X1(2) for z in ROCy
and xa[n] — Xo(2) for z in ROC,

then zy[n] +x2[n] < Xi(z)+ Xa(2) for z in (ROC; N ROC,).

Let y[n] = z1[n] + z2[n] then

v(z)= 3yl

= Y (wiln] +a2[n])27"
= Z zi[n]z"" + Z x9[n|z™"

= X1(2) + Xa(2)

22



Delay Property

If z[n] < X(z) for z in ROC then z[n — 1] + 2~ 'X(z) for z in ROC.
We have already seen an example of this property.
dn] « 1

dfn—1 <« 271

More generally,
(o]

X(2) = Z x[n]z""

n=—oo

Let y[n] = z[n — 1] then

n=—oo n=—oo

Substitute m=n—-1

23



Rational Polynomials

A system that can be described by a linear difference equation with
constant coefficients can also be described by a Z transform that is

a ratio of polynomials in z.

boy[n] +bry[n — 1]+ boyln — 2]+ - - - = agz[n| + arz[n — 1] + agzn — 2] + - - -
Taking the Z transform of both sides, and applying the delay property

boY (2)+b12 1Y (2)+boz72Y (2)+- - - = ag X (2)+a12” X (2)+agz 2 X (2)+- - -

Y(z) ag+aiz l4agz"?+---

H = =
(2) X(2) bo+ b1z +boz2 4 -

_ ap?® +a12F 1t a2 4
bozk + by 2F—1 4 bo2k—2 4 ...

24



Rational Polynomials

Applying the fundamental theorem of algebra and the factor theo-
rem, we can express the polynomials as a product of factors.

H(2) aozk —i—alzk_l —l—azzk_Q—f—-"
Z) =
bozk + by k=1 4 by2k=2 4 ...

(z—20) (2 —21) -+ (2—2)
(z=po) (z—p1) --- (2 —pg)

where the roots are called poles and zeros.

25



Rational Polynomials

Regions of convergence for Z transform are delimited by circles in
the Z-plane. The edges of the circles are at the poles.

Example: z[n| = a"uln]

o0 oo
X(z) = Z auln]zT" = Z azm"
n=—00 n=0
1 -1
:1—az_1; @z ‘<1
z
- F>h
ROC |z-plane
z[n] = a"u[n]

y

=)

26



Check Yourself

-

[ What DT signal has the following Z transform?

z-plane

\t?/

27




Check Yourself

Recall that we already know a function whose Z transform is the
outer region.

ROC |z-plane

~

il
=)
Il
©
O 3
£
=)
N
UV
J

What changes if the region changes?
The original sum
X(z) i <7>n -
zZ) = ~ 3 z

does not converge if |z| < %

28



Check Yourself
The functional form is still the same,

Therefore, the difference equation for this system is the same,

[n] =xn+1].
7

Convergence inside |z| = g

corresponds to a left-sided (non-causal)
response. Solve by iterating backwards in time:

mn+ﬂ—§y

_8 (y[n+1] — z[n + 1))

yln] = =

29



Check Yourself

Solve by iterating backwards in time:

yln) = 2 (yln +1) — afn + 1))

7
Start “at rest”:

n z[n] y[n]

>0 0 0

0 1 0

—1 0 - (%)
2

-2 0 -3

-3 0 - (%)

n -3



Check Yourself

Plot
z-plane

]
(2
N

31



Check Yourself

e
What DT signal has the following Z transform?
z-plane

° 2| <
C o< L
z—%’ 8

NP

32



Check Yourself

Two signals and two regions of convergence.

z-plane
)

ROC
np

—-4-3-2-101 2 3 4

z-plane

a=

33



Check Yourself

Find the inverse transform of
-3z

X(2) = — %
()= 575,13

given that the ROC includes the unit circle.

34



Check Yourself

Find the inverse transform of

-3z
X(2) = — %
() =52 5. 19

given that the ROC includes the unit circle.

Expand with partial fractions:

—3z 1 2
X e e —
(2) 222 — 5242 22—1 z-—-2

Not a standard form!

35



Check Yourself

Standard forms:

L
&7

~

8

z —

(1717

—4-3-2-101 2 3 4

z-plane

K D~

36



Check Yourself

Find the inverse transform of

-3z
X(2) = — %
() =52 5. 19

given that the ROC includes the unit circle.

Expand with partial fractions:

—3z 1 2
X e e —
(2) 222 — 5242 22—1 z-—-2

Not a standard form!

Expand it differently: as a standard form:
X(z) _ —3z 2z z z z

2922 —-52+2 22—-1 2-92 ._ Z—9

1
2
Standard form: a pole at % and a pole at 2.

37



Check Yourself

Ratio of polynomials in z:

X(z) _ —3z z z

222—52'—1—2:,2_%_2—2

— a pole at & and a pole at 2.

z-plane
ROC
2

Region of convergence is “outside” pole at % but “inside"” pole at 2.

2[n] = (;) "l + 21 — ]

38



Check Yourself

Plot.

39



Check Yourself

Alternatively, stick with non-standard form:

-3z 1 2
X = = —
)= m s i 1 :-2

Make it look more standard:
z

V4
- 9,7l 2
2" -1 SR

<;>nu[n]} + R {4+2"u[—1 — ]}
% " uln — 1]} +2 {+2"*1u[—n]}

;)nﬁn—u}+{+ﬂu}ﬂ}

OOOO?TTT?OZO

40




Check Yourself

Alternative 3: expand as polynomials in z~1:

—3z —3271
X(z) = —
() 222 -52+2 2-5z"1 42,72
2 1 1
22— z1 1—2z*1_1_%z—1 1—22-1
Now
1\" n
x[n] = 3 u[n] + 2"u[—1 — n|

OOOO?TTT?OZO

41



Check Yourself

Find the inverse transform of
—3z

X(2) = — %
()= 575,13

given that the ROC includes the unit circle.

42



Solving Difference Equations with Z Transforms

Start with difference equation:

1

yin] — Syl —1] = o[

Take the Z transform of this equation:
1
Y(z) — 52_1Y(z) =1
Solve for Y (z):

1
Y(Z) = 1 —1

Take the inverse Z transform (by recognizing the form of the trans-
form):

43



Inverse Z transform

The inverse Z transform is defined by an integral that is not partic-
ularly easy to solve.

Formally,
1
x[n] = %j/ch(Z)Zn_le

where C represents a closed contour that circles the origin by running
in a counterclockwise direction through the region of convergence.
This integral is not generally easy to compute.

This equation can be useful to prove theorems.

There are better ways (e.g., partial fractions) to compute inverse
transforms for the kinds of systems that we frequently encounter.

44



Properties of Z Transforms

The use of Z Transforms to solve differential equations depends on
several important properties.

Property x[n] X(2) ROC
Linearity axi[n] + bxa[n] aX1(z) +bXa2(z) D (R1NRy)
Delay x[n — 1] 21X (2) R
Multiply by n nx(n] —zd);iz) R

Convolve inn Y mi[mlzaln—m]  X1(2)Xa(z) D (RiN Ry)

m=—0oo

45



Check Yourself

2
[ Find the inverse transform of Y (z) = ( : 1) ;o |zl > 1. }
o —

46



Check Yourself

2
Find the inverse transform of Y (z) = <2i1> I

y[n] corresponds to unit-sample response of the right-sided system

X_ . 2_ 1 2_ 1 2
X \z-1) \1-21) \1-R
- (1+R+R2+R3+---) x <1+R+R2+R3+--->

1 R R? R3
11 R R? R3

=142R+3R*+4R° +--- =) (n+1)R"

n=0

yln] = hln] = (n + Du[n]

47



Check Yourself

Table lookup method.

48



Properties of Z Transforms

The use of Z Transforms to solve differential equations depends on
several important properties.

Property x[n] X(2) ROC
Linearity axi[n] + bxa[n] aX1(z) +bXa2(z) D (R1NRy)
Delay x[n — 1] 21X (2) R
Multiply by n nx(n] —zd);iz) R

Convolve inn Y mi[mlzaln—m]  X1(2)Xa(z) D (RiN Ry)

m=—0oo

49



Check Yourself

Table lookup method.

zx<—zjz<zfl)>:(zjl>2 o (4 Dun+1] = (n + Duln]

50



Concept Map: Discrete-Time Systems

Relations among representations.

Block Diagram “—— " sSystem Functional

X —=@O—— Y Y 1
T_{ —==H(R) = — 3
Delay|<—1—{ Delay| X 1-R—-R

A \ / 4
Unit-Sample Response
hin]: 1,1,2,3,5,8,13,21,34,55, ...

/ Z t‘r\ansform
y \a Y

Difference Equation System Function

— Y(Z) 2

yln) = ln] + yln—1] + yn—2) 2= 3o~ =
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