6.003 Homework #8 Solutions

Problems

1. Fourier Series

Determine the Fourier series coefficients ay, for z1(t) shown below.

z1(t)= z1(t + 10)

H [ -
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L
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#e*j”k/m sin(7k/10) for £ # 0

1 2m
ay = T/Tw(t)e_]%ktdt
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1 —jTk

le I okt = L : - (1 —e_jwkﬁ)
o 7127k
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Notice that this expression is badly formed at & = 0. We could use I’'Hopital’s rule to
evaluate this expression, but an easier method (which is also more robust against errors)
is to simply evaluate the average value of x;(t) to find that ap = 1/10.

This solution could also be written in terms of sinusoids as

k=0

Yy
_Jio )
h { %e‘”k/lo sin(mk/10) k#0
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Determine the Fourier series coefficients by, for xo(t) shown below.

zo(t)= w2(t + 10)

1 |-
t

L o—jmk/5 sin(mk/5) for k # 0

7k

b =

. 2
1 E_J%kt

1 P27 ]_ 2 ;27
bp == [ z(t)e T THdt = —/ le 710k dt = —
k T/Tw( Je 10/, © 10 —jZk

As with the previous part, this expression is badly formed for £ = 0. We therefore obtain
bp = 1/5 by calculating the average value of xa(t).

_ 1 (1_6—j27rk/5>
o j2mk

This solution could also be written in terms of sinusoids as

5 k=0
=15 .
#6_7”’“/5 sin(wk/5) k#0
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Determine the Fourier series coefficients ¢ for z3(t) shown below.

23(t)= 23(t + 10)

Mee B
— L t

co) = 0

cr = %67'7‘3”]“/10 sin(mk/5) sin(mwk/10) for k 7 0

.’173(t) = acl(t) — a:l(t — 2)

/xl(t—2)e_j2%ktdt = / xl(t)e_j%ﬁk(tw)dt = e_jQTﬂkZ/ xl(t)e_jz%ktdt = eI Tk,
T T T

_ _ —j%kQ _ _ _—j2mk/5 1 _ o—imk/5
Cp = ap — € ag I-e l—e
J2mk

The average value of x3(t) is zero, so ¢y = 0.

This solution could also be written in terms of sinusoids as

0 k=0
Cr = { %eﬂ‘:’mk/w sin(mk/5) sin(wk/10) k#0 °
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Determine the Fourier series coefficients dy for z4(¢) shown below.

x4(t)= x4(t + 10)
| V\ f\ /
L t
123
do = %
d = %67'737%/10 sin(7k/5) sin(7wk/10) for k£ 0
h xg(t) dSC4( )
dt
21
Ck = J?kdk
k= j%kck = — 5 (1 — e792mk/5) (1 — e=imk/5) k0
This solution could also be written in terms of sinusoids as
a0 k=0
" ,,%2 e~937k/10 gin(7k /5) sin(wk/10) k#0 J
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2.

b. ka{(l)f k odd

Inverse Fourier series

Determine the CT signals with the following Fourier series coefficients. Assume that the
signals are periodic in T = 4. Enter an expression that is valid for 0 < ¢ < 4 (other
values can be found by periodic extension).

a o= I <3
0 otherwise

z(t) = —2sin(7t/2) — 4sin(nt) for 0 <t <4.

;2m . _j2m _ _g2my . a2m . s2m
z(t) = E aped TR = —9je7 T2 _ je I Tt 4 jel Tt 4 2jed T2

= —2sin(nt/2) — 4sin(nt)

k even
x(t) = 20(t) — 20(t — 2) for 0 <t < 4.
Z bped Tkt — Z o Jmkt/2
k=—00 k= —00
k odd

Unfortunately, this sum is not easy to close. However, it is closely related to the
synthesis formula for an impulse train,

o0 oo (e.9]

z5(t) = 3 6t —kT) = Y ared™= 3 %ewkt/z,

k=—o0 k=—o0 k=—o0

If there were two impulses per period instead of one, then

xa5(t Z St —kT)+0(t — = —kT) Z T ed2mkt/4 4 e]27rk(t 2)/4
k=—00
= i lejﬂ'kt/z (1 + ejﬂ'k> — i zejwkt/Q
T T
k=—o0 k= —o00
k even

It follows that x(t) = Txs(t) — %x%(t) = 4x5(t) — 2x95(t) so that x(t) is an alternating
sequence of impulses
o(t) = Y 25(t —41) — 25(t — 2 — 41)

l=—00
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3. Matching

Consider the following Fourier series coefficients.

3 —
bk—{j% k=41,+2,44, 45 £7, ...
ay, 0 k=0,43,46, -
11 —1T ;
4—o—o—o—l—o—o—o—l—o—o—o—wk o535 © I l ol o029 o1
Ck dk

g k°°°TTTTTT'lTTTTTT,;”
Il |

I, NI

a. Which coefficients (if any) corresponds to the following periodic signal?

2
x1(t) =2 — 2cos (;t)

ag, bk7 Ck>s dk7 €k, fka or None: €k

From the constant 2, it is clear that the zero coefficient is 2. Since cos 0 = %ej9~|— %e‘je,
the coefficients for £ = £1 are —1. Therefore the answer is e.
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b. Which coefficients (if any) corresponds to the following periodic signal with period

T =237 962(2
S0 I N A
V69 v-3vvO0vv3vy6y
ag, b, ¢k, di, ex, fr, or None: fr

This signal is real and even, so its FS coefficients must be real and even. Also, thT
signal has no DC value, so the zero coefficient must be zero. This leaves ag or ¢ or
fx. The Fourier series for an impulse train must have infinite extent. Therefore the
best candidate is fi. Solving

/ $2 _JTktdt ;/3(25() 5(75—1)—(5(15—1—1)) e—j%’ktdt

2

0 if k is evenly divisible by 3

(2 — 2cos(27k/3)) = {

] 1 otherwise

So the answer is f.

c. Which (if any) set corresponds to the following periodic signal with period T' = 37

ﬂﬂhﬂﬂ
Jipimimini

ag, by, cg, di, eg, [, or None: by,

The signal is real and odd, so its FS coefficients must be purely imaginary and odd.
Thus the only candidate is b;. Solving

1 2 I 1t 21
ay = / $3(t)6_]%ktdt = / —me MG 4 = / —me I 5k gy

1 ) 0 . 1 1 . )
_ —j27rkt/3‘ . —]27rkt/3‘ _ 9 _ j2rk/3 _ —j2mk/3
Jj2k <e a0 f 0) j2k( c c )
1 0 if k is evenly divisible by 3
=—(1- 2nk/3)) =
jk< cos(2mk/3)) {3/j2k otherwise

LSO the answer is by.
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4. Input/Output Pairs
The following signals are periodic with period T' = 1.

r1(t)=21(t +1)

- 1
z3(t)= w3(t +1)
1
—t
0 % 1

Determine if the following systems could or could not be linear and time-invariant (LTT).

We can use the “filter” idea as follows. First calculate the Fourier series coefficients. Then
ask if each Fourier series coefficient in the output is a scaled version of the corresponding
coefficient in the input.
. . 3 k=0
1 [1 o sin 5 L =
xl(t)Hak:/4 e—]%ktdt:72: 7rk:1 |k‘ 175797137"-
1 =2 k —— |k =3,7,11,15,. ..
0 k| = 2,4,6,8,...
z2(t) = y(t) % y(?)
where y(t) is the following signal:
y(t)=y(t+1)
2
T t
0 1 1
8
(t) & d 1/8 pe-iktgy — 2
= — 1 =
J P = © wk
. i k=0
4sin? T8 2 =
2a(t) < by :Tdi _1x 2 24 —{ =P k| =1,3,5,7,9,11,13,. ..
mk —= |k =2,6,10,14,...
0 |k| =4,8,12,16,...
1 x sin 272k
x3(t) <> cp = = /10 eI Mgy = 10
1 _% 7k




6.003 Homework #8 Solutions / Fall 2011 9

x1(t) —»| System A |+ z9(t)

The Fourier series coefficients at kK = 2,6, 10, ... are zero in x; but these are not zero in
xo. Therefore the system could not be LTI.

x1(t) —»| System B —» z3(t)

The Fourier series coefficients at k& = 2,4,6, 8,10, ... are zero in x; but these are not zero
in x3. Therefore the system could not be LTI.

xo(t) —»| System C —» x1(t)

All of the nonzero Fourier coefficients in z; are also present in xs. Therefore the system
could be LTTI.

z2(t) —»| System D [—» z3(t)

The Fourier series coefficients at kK = 4, 8,12, 16, ... are zero in xo but these are not zero
in z3. Therefore the system could not be LTT.

x3(t) —»| System E |—» z1(t)

All of the nonzero Fourier coefficients in z; are also present in x3. Therefore the system
could be LTT.

x3(t) —»| System F | x2(¢)

All of the nonzero Fourier coefficients in zo are also present in x3. Therefore the system
could be LTT.

Enter a list of the systems that could NOT be LTI. If your list is empty, enter none.

answer = A B,D
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Engineering Design Problems
5. Overshoot

a. What function f(¢) has the Fourier series

o0 .
Z S1n nt?
n

n=1

You can evaluate the sum analytically or numerically. Either way, guess a closed form
for f(¢) and then sketch it.

Here is a plot of the sum of the first 30 terms of f(¢).

f\l#\r\t
NI

It shows that f(t) is a sawtooth waveform with period 7' = 27w and

T—t

f&)=——

for 0 <t < 2.

b. Confirm your conjecture for f(t) by finding the Fourier series coefficients f,, for f(t).
Compare your result to the expression in the previous part. What happens to the
cosine terms?

Let g(t) = dfd—(tt). Then g(t) = —4+mé(t) for —m < t < 7. The Fourier series coefficients
of g(t) are then

. { 0 k=0
=L k0
For k # 0, we can find the Fourier series coefficients for f(¢) by dividing those for g(t)

by jk. The function f(¢) has no average value, so the Fourier coefficient for k = 0 is
zero. Thus the Fourier series coefficients for f(t) are

b { 0 k=0
= 1
k ok k#0
Thus the Fourier series is
=1 , , 1
ft) = Z ok (ejkt - e*ﬂ“t> = Z Z sin(kt)
k=1 k=1

The cosine terms are all zero because the function is odd.

c. Define the partial sum

N sinnt
fnt)y=>" :

n

n=1
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Plot some fy(t)’s. By what fraction does fy(t) overshoot f(¢) at worst? Does that
fraction tend to zero or to a finite value as N — oo? If it is a finite value, estimate it.

The following plots show the partials sums of 40, 80, and 160 terms. It appears that
the maximum value is approximately 1.09 times the value of f(t), i.e., the overshoot
is approximately 9%, as in the Gibb’s overshoot to a square wave.

It appears that the maximum value is approximately 1.09 times the value of f(t), i.e.,
the overshoot is approximately 9%, as in the Gibb’s overshoot to a square wave.

d. Now define the average of the partial sums:

_ N+ )+ 0O+ + fa(t)

Fi(t) N

Plot some Fi(t)’s. Compare your plots with those of fy(¢) that you made in the
previous part, and qualitatively explain any differences.

LThe following plots show Fjy, Fgo, and Figp.
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——lwe

Convergence is much smoother than it was for fi9, fso, and figg. The overshoot is
gone. There is a slight undershoot.




MIT OpenCourseWare
http://ocw.mit.edu

6.003 Signals and Systems
Fall 2011

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.



http://ocw.mit.edu
http://ocw.mit.edu/terms

