6.003 Homework #1 Solutions

Problems

1. Solving differential equations

Solve the following differential equation

) 430 o)

=1
dt dt?

for ¢ > 0 assuming the initial conditions y(0) = 1 and d%—(tt)‘t .= 2. Express the solution

in closed form. Enter your closed form expression the the box below.

[Hint: assume the homogeneous solution has the form Aest! + Be®?! ]

y(t) = —det 4 et 41

First solve the homogeneous equation: yp(t) + 3yx(t) + 2ijn(t) = 0. Assume yp(t) = Ae’.
Then ¢p,(t) = sAet and §j,(t) = s2Ae’. Substitute into the homogeneous differential
equation to obtain (1 + 3s + 2s%)Ae*® = 0. Since e*! is never equal to zero, either A must
be 0 or 1 + 3s + 2s% must be zero. If A were zero, then the solution would be trivial
(i.e., yn(t) = 0), so the latter must be true to get a non-zero solution. From the factored
form (1 + s)(1+ 2s) =0, it is clear that s could be —1 or —0.5. Therefore the complete
homogeneous solution could be written as

yn(t) = Ae™t + Be~/?

as in the hint. The particular solution has the same form as the inhomogenous part,
so that y,(t) = 1. To satisfy the initial conditions, we require that y(¢) (the sum of the
homogeneous and particular parts) satisfies y(0) = A+ B+1=1and y(0) = —A—B/2 =2
so that A = —4 and B = 4. The final solution is

y(t) = —de P+ 46?2 41,
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2.

Solving difference equations

Solve the following difference equation
8yln] —6yln — 1] +yln—2] =1

for n > 0 assuming the initial conditions y[0] = 1 and y[—1] = 2. Express the solution in
closed form. Enter your closed form expression the the box below.

[Hint: assume the homogeneous solution has the form Az} + Bz3 ]

] 1 1”+1 1”+1
n: —_ — — — —_
y 6\ 1 2\ 2 3

First solve the homogeneous system: 8yp[n] — 6yn[n — 1] + yp[n — 2] = 0. Assume yi[n| =
Az"™. Then yp[n — 1] = Az ! = 271 A2" and yp[n — 2] = A2"2 = 272A2". Substitute
into the original difference equation to obtain (8 — 6271 + 272)A2" = 0. Since 2" is never
equal to zero, either A must be 0 or (8 — 627! 4+ 272) must be zero. If A were zero, then
the solution would be trivial (i.e., ys[n] = 0), so the latter must be true to get a non-zero
solution. From the factored form (4 — z71)(2 — 271) = 0, it is clear that 2~! could be 4 or
2. Therefore the complete homogeneous solution could be written as

=) (3

as in the hint. The non-homogeneous part of the original difference equation is a constant
1. Thus, we expect a particular solution of the form y,[n] = C' where C is a constant.
Substituting this y,[n] into the original difference equation determines C, since 8C' —6C +
c=3C=1, sothatC:%, and

yln] = A (i)nws (;)n +3

will solve the original difference equation. To satisfy the initial conditions, we require y|
satisfies y[0] = A+ B+ 1 =1and y[-1] =4A+ 2B+ =2 so that A=} and B =
The final solution is

-3 () 1 ()

]

o= 3
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3. Geometric sums

a. Expand in a power series.

1—a

power series: l+a+a?2+a®+--.

For what range of a does your answer converge?

range: la| < 1
One can expand ﬁ using synthetic division as follows:
1 +a +a? 403 +---
1-— al 1
1 —a
a
a —a2
a2
@2 —dd
a3
B3 —a
Alternatively, one could use a Taylor series
d
S-at=(1-a)
d2
W(l —a)'=21-a)3
a
d3
== a) ' =6(1—a)™*
a
d4
U a)™t =24(1—a)®
a
I T G IS B
=(1-a — a a6+ - — a a
1-a a=0 " dq s 2 da? i
1 & 1 dt
2 Y gt 3,2 9% 1_p-t 4
* 3! da3( @) azoa * 4! da4( @) azoa *
=l+a+a®+a®+at+
These expressions converge iff |a"| tends toward zero, i.e., |a| < 1.
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N-1
b. Express Z a” in closed form.
n=0
—av
closed form: L—a
1—a

For what range of a does your answer converge?

range: la| < o0
Let
N-1
Y= Z a”.
n=0
Then
N-1 N
ay:aZa”:Zan.
n=0 n=1
IfN > 2,

N-1 N N-1 N-1
y—ay=(1-a)y=> a"=Y a"=(1+ > a") = (3 a"+a") =1-0a".
n=0 n=1 n=1 n=1

IfN=1,y=1,s0(1-a)y=1-a'. If N=0,y=0,50 (1—a)y =1—a’. Therefore
1-—a)y=1-d"

for all N > 0. Now if a # 1 we can divide both sides of the previous equation by 1 —a
to obtain a closed form result:

g= l-a’
n=0
If @ = 1, then the closed form is indeterminant, but the limit a — 1 can still be
calculated using I’Hopital’s rule,
1—aV —NoN-1

y = lim = lim —— = N.
y—=1 1—a y—1 =1

Thus, the closed form can be taken for all finite a.
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c. Expand in a power series.

1
(1—a)?

power series: 1+ 2a+3a2 +4a3 + ---

For what range of a does your answer converge?

range: la] <1
1 . e
One can expand ﬁ using synthetic division as follows:
—a
1 +2a  +3a® +4a3 +- -
1—2a+ a2 | 1
1 —2a +a?
+2a  —a?
+2a —4a? +2a3
+3a% —243
+3a2 —6a3 +3a*

+4a® —3a?
Alternatively, one could use a Taylor series.
The expansion converges as long as lim (n + 1)a™ =0, i.e., if |a| < 1.
n—0o0
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4. CT transformations

Let x(t) represent the signal shown in the following plot.
a(t)

1

B

-1

The signal is zero outside the range —2 < ¢ < 2.

a. The following plot shows y;(¢), which is a signal that is derived from x(t).
yi(t)

Determine an expression for y(t) in terms of z(-).

yi(t) =

z(2t + 2)

b. The following plot shows y2(t), which is a signal that is derived from x(t).
ya(t)

H=

-2 -1

Determine an expression for y2(t) in terms of x(-).

ya(t) =

(1l —t)
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c. Let y3(t) = (2t + 3). Determine all values of ¢ for which y3(¢) = 1.

[\G][ON)

range of ¢ : — §t<—%

z(t) =1 for 0 <t < 2. Therefore y3(t) =1if 0 < 2t +3 < 2, i.e.,

3 1
—S<t<—2.
2= 2

d. Assume that z(t) can be written as the sum of an even part
Te(t) = we(—1)
and an odd part
To(t) = —xo(—t) .

For what values of ¢ is x(t) = 07

values of ¢: lt] > 2or|t| =1

Let z(t) = xc(t) + 25(t). Then z(—t) = x.(—t) + z,(—t). By the definitions of even
and odd, it follows that x(—t) = z.(t) — z,(t). Add this to the first equation to get
x(t) + z(—t) = 2x(t). Thus

elt) = 5 (alt) + a(~1))

is uniquely determined by z(¢). The function z.(t) is plotted below.

Ze(t)
[\7\/\
T T ; f Y t r - t
-2 —1 1 2
L1

From the plot, it is clear that x.(t) = 0 if [t| > 2 or |¢t| = 1. Since z(t) is defined to be
zero at t = £2, we should include those points as well, so |t| > 2 or |t| = 1.
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Engineering Design Problems

5. Decomposing Signals
The even and odd parts of a signal z[n| are defined by the following:
e z.[—n|=uzn] (ie. z¢ is an even function of n)
o 1,—n|=—x,n] (ie., x, is an odd function of n)
o z[n| = x.[n| + zo[n]
Let z,[n] represent the part of x[n| that occurs for n > 0,

0 otherwise

Let x;[n] represent the part of x[n] that occurs for n < 0),

xl[n]:{x[n] n<0 ‘
0 otherwise

Notice that z,[0] = z[0] while z;[0] = 0.

a. Is it possible to determine z[n] (for all n) from z.[n| and x,[n]?

Yes or No: Yes

If yes, explain a procedure for doing so. If no, explain why not.

We can find an expression for z,[n] in two parts. First, for n > 0, z[n] = x,[n]. Since
xo[n] = z[n] — x[n], it follows that z,[n] = x,[n] — zc[n] for n > 0. Second, for n < 0,
we can use the fact that x,[n] is always —x,[—n]| to find that z,[n] = —x,[—n]+ zc[—n]
for n < 0. Having constructed z,[n] for all n, it is easy to reconstruct z[n| from the
sum of x,[n] and z.[n] (which was given).
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b. Is it possible to determine z[n| (for all n) from z,[n] and z;[n]?

Yes or No: No

If yes, explain a procedure for doing so. If no, explain why not.

It is impossible to determine z[0] from the information given, since x,[0] = 0 and
x1[0] = 0. Therefore, it is impossible to reconstruct z[n] from z,[n| and z;[n].




6.003 Homework #1 Solutions / Fall 2011 10
6. Leaky tanks
The following figure illustrates a cascaded system of two water tanks. Water flows

— into the first tank at a rate ro(¢),
— out of the first tank and into the second at a rate r(¢), and
— out of the second tank at a rate ra(t).

ro(t)

—
h1 (t)l ‘
r1(t)
hz(t)l
ro(t)

The rate of flow out of each tank is proportional to the height of the water in that tank:
r1(t) = k1h1(t) and ro(t) = kaha(t), where k; and ko are each 0.2m? /second. Both tanks
have heights of 1m. The cross-sectional area of tank 1 is A; = 4m? and that of the
second tank is A = 2m?. At time t = 0, both tanks are empty.

Part a. Let z(t) = ro(t) represent the input of the tank system and y(t) = ro(t)
represent the output. Determine the relation between the input and the output. Express
this relation as a differential equation of the form

dy(t) d?y(t) dx(t) d?x(t)
" = 2(H) b b
aoy(t) + a1 o Tt x(t) + by o thr—a
where the coefficient of z(t) is 1.
ao, a1, ag, - - - 1, 30, 200, 0, 0, - -
b17627b37"': 0, 0.0,

The volume of water in tank 1 is A;hq(t). Therefore, the time rate of change of water in
tank 1 is Ay dhét(t). Since water is neither created nor destroyed, the time rate of change
of water in tank 1 is equal to the difference between the rate of water that enters (r(t))

and exits (ra(t)),

dhy ()
dt

Ay =ro(t) —ri(t).

Substituting r1(t)/k1 for hy(t) and rearranging yields

’211 dT:l;t) + () = ro(t).

A similar relation holds for tank 2,

;122 dT;ft) T rat) = 11 (8).
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Substitute r1(¢) from the last equation into the prior equation to obtain a relation between
z(t) = ro(t) and y(t) = ra(t),
Ay Ay d?y(t) A Ay dy(t)
kiks  dt? ki ke dt

+y(t) = 200% + 30%—&” +y(t) = z(t).




6.003 Homework #1 Solutions / Fall 2011 12

Part b. Assume that ro(¢) is held constant at rate rg. What is the maximum value of
ro such that neither tank will ever overflow if both tanks start out empty.

ro: 0.2m3/s

Initially, hy(t) is zero, so r1(t) is also zero. Thus, r causes hj(t) to rise. As hy(t) rises, r1(t)
increases until 71 (t) = ro or tank 1 overflows. Tank 1 will overflow when r; = k; x 1m.
Therefore, to keep tank 1 from overflowing, we require that ro = r1 < k1 X 1m, i.e.,
ro < 0.2m3/s. The same reasoning applies to tank 2. Therefore, the maximum value of
7o such that neither tank overflows is 0.2m?/s.

Part c. Because r1(t) is both the output of the first tank and the input of the second
tank, we can equivalently think of the two-tank system as a cascade of two one-tank

systems, as shown in the following figure.
r1(t)
ro(t) —»| tank 1 > tank 2 > r2(t)

Determine a differential equation that relates ri(t) to ro(t). Determine the solution to
this differential equation when r((t) is held constant at 0.1 m?/s. Assume that tank #1
is initially empty.

ri(t) = 0.1 — 0.1 /20

As in part a,

;111 drcllt(t) +ri(t) = ro(t) .

Thus
dT‘l (t)
dt

Assume a solution of the form

r(t) = Ae "+ B

20

+?”1(t) =0.1.

for t > 0. Substitute into the differential equation to obtain

20A
— =4 A T4 B=01
—

Thus B = 0.1 and 7 = 20, so that
r(t) = Ae™/?0 40.1

for t > 0. But r1(0) = 0. Therefore A = —0.1, and the final solution is
ri(t) = 0.1 —0.1e"4/20 .

The flow 71 (t) starts at zero and exponentially approaches 0.1 m3/s with a time constant
7 of 20s.
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Part d. We could similarly determine a differential equation that relates r2(t) to 71 (%)
and solve it for ry(t) given the solution for r1(¢) given in Part c. As an alternative, we
can use a numerical method.

Use the forward Euler approximation to generate a discrete approximation to the differ-
ential relation between r1(t) and r(t), as follows. Let rg(t) and ri(t) be approximated

by discrete sequences ro[n] = ro(nT) and ri[n] = ri(nT), where T represents the step
size. Then approximate the continuous-time derivative at time nT by a first difference:
dry(t) _rin+1] —r1[n]
dt t=nT - T .

Solve this difference equation for ri[n + 1] in terms of values of r1[k] and ro[k] where
k < n+ 1 and enter the result below.

rin+1] = ri[n] + % (ro[n] — r1[n])

ri[n 4+ 1] — r1[n]

20
T

+ r1[n] = ro[n]

riln + 1] = rm[n] + (7"0 [n] — 71 [n])

20

Part e. Use your favorite computer language to solve this recursion for the special case
when the input rg[n] is held constant at 0.1m3 /s, tank #1 is initially empty, and 7' =
1 second (see example code in box below). Make a plot of your solution for 0 < ¢t < 60.
Also plot the analytic result from part ¢ on the same axes. Determine the maximum
difference between the analytic and numerical results.

maximum difference: < 0.00094

import math
from pylab import *

ya = [] # analytic
for t in range(60):

ya.append(0.1 - 0.1*math.exx(-t/20.))
print ya
plot(range(60) ,ya,’r-’)

T=1
yn = [0] # numerical
for i in range(1,60):

yn.append (yn[i-1]+T/20.%(0.1-yn[i-1]))
print
print yn
stem(range(60) ,yn,’b-",’b.’,’r-’)

print
print max([yn[il-yal[i] for i in range(60)])

show ()
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0.10

0.08} 1] .

0.06 i

T
AN
1

0.04

0.02} 4

0.00

The biggest difference is less than 0.00094.

Part f. Modify your code to calculate numerical approximations to both r(¢) and r2(%).
Plot results for both on the same axes. Explain similarities and differences of these two
results for both small times and large times.

similarities: same initial value, same final value

differences: influx to tank 2 starts more slowly than influx to tank 1

import math
from pylab import x*

T=1
rl = [0] # initial conditions
r2 = [0]

for i in range(1,60):
rl.append(r1[i-1]+T/20.%(0.1-r1[i-1]))
r2.append (r2[i-1]+T/10.*(r1[i]-r2[i-1]))

print

print ri

stem(range(60) ,rl,’b-’,’b.’,’r-?)

stem(range(60) ,r2,’r-’,’r.’,’r-?)




6.003 Homework #1 Solutions / Fall 2011 15

show()

0.10

0.08f |

0.06} |

0.04} 1

0.02f |

I|

0'OOOI 10 20 30 40 50 60
Since the rate of influx to tank 2 starts more slowly than that to tank 1, the height in
the second tank gets started more slowly than that in the first. Ultimately, the heights of
water in both tanks approach the same value.
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7. Drug dosing

When drugs are used to treat a medical condition, doctors often recommend starting with
a higher dose on the first day than on subsequent days. In this problem, we consider
a simple model to understand why. Assume that the human body is a tank of blood
and that drugs instantly dissolve in the blood when ingested. Further assume that drug
vanishes from the blood (either because it is broken down or because it is flushed by the
kidneys) at a rate that is proportional to drug concentration.

Let z[n] represent the amount of drug taken on day n, and let y[n] represent the total
amount of drug in the blood on day n, just after the dose x[n] has dissolved in the blood,
so that

y[n| = z[n] + ay[n —1].
a. Assume that no drug is in the blood before day 0, and that one unit of drug is taken

each day, starting with day 0.

1. Determine an expression for the amount of drug in the blood immediately after
the dose on day n has dissolved.

1 — anJrl
amount: -

11—«

Solve by iteration:
n yn]
0 1
1 1+«
2 14+ a+a?
3 l1+a+ao?+ad

1— anJrl

" 1l -« J
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2. Plot the amount of drug in the blood as a function of day number for @ = %, %,

7
andg.
8 Coooo a=T/8
6
4 [ ] a=3/4
2 ?$%% a=1/2
Ol N N L N T T T N N N
0 5 10 15 20

3. Determine an expression for the steady-state amount of drug in the blood, i.e.,
limy, 00 y[n].

lim y[n|:

n—o00 1l -«
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b. In part a, the amount of drug in the blood ramps up over the first few days, before
reaching a steady-state value. Suggest a different initial dose x[0] that will result in a
more constant amount of drug in the blood (with z[n| remaining at 1 for all n > 1).

1
11—«

initial dose:

Consider what happens to the difference equation
y[n] = z[n] + ay[n — 1]

as n — o0o. The value of y at time n — 1, which is equal to the steady-state value, is

transformed to y at time n, which is also equal to the steady-state value. It follows that
if 2[0] were set equal to the steady-state amount of drug in the blood (i.e., z[0] = 1)

then the system would behave as though it were in steady state from the outset. We
can express this condition mathematically as follows.

1
yl0] = —
[ =1+ o
= al—a_l—a
1
Y2l =1+« =

l—-a 1l-«

Thus z[0] should be 1.
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