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1 Static Rational Expectations Equilibrium

� One asset, with random value ep realized in set E. Gains areGi = (ep� p)xi
where xi are (net) trades in market.

� Each agent gets signal si 2 Si, and agents have common prior � over
E � S = 
. Full support over conditional vi � v (s j)

De�nition 1 (Rational Expectations Equilibrium) A REE is a forecast
function � such that p = �(s) and

1. xi
�
p; si; S (p)

�
solves optimum for agents, where S (p) = ��1 (p)

2. Market clears for all s :
X

xi
�
p; si; S (p)

�
= 0 for all s 2 S

We say that a market is purely speculative if participants initial positions
(corresponding to no trade on the market i.e. xi = 0 for all i) are uncorrelated
with the return on the asset.

Proposition 2 In a REE of a pure speculative market with risk-averse or risk-
neutral traders, risk-averse agents do not trade; risk-neutral traders may trade,
but they do not expect any gain from their trade.
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Proof. xi solve
max
xi

X
s2S(p);ep2E u

�
(ep� p)xi� � �si; ep�

xi = 0 is always an option, so E
�
u
�
Gi
�
j si; S (p)

�
� E

�
u
�
(ep� p)xi� j si; S (p)� �

u (0). Because of Jensen�s inequality, we must therefore have that

u
�
E
�
Gi j si; S (p)

��
� E

�
u
�
Gi
�
j si; S (p)

�
� u (0)() E

�
Gi j si; S (p)

�
� 0
(1)

Therefore, this implies that the unconditional expectation of Gi satis�es

E
�
Gi j S (p)

�
=

X
si2S(p)

E
�
Gi j si; S (p)

�
�i
�
si
�
� 0 (2)

Now, market clearing implies thatX
i

Gi =
X
i

(ep� p)xi �p; si; S (p)� = (ep� p)X
i

xi
�
p; si; S (p)

�
| {z }
=0 because of eq.

= 0

Then X
i

E
�
Gi j S (p)

�
= 0 =)|{z}

because of (2)

E
�
Gi j S (p)

�
= 0

And again, this also implies that E
�
Gi j si; S (p)

�
= 0. But then, for all xi :

u (0) � E
�
u
�
Gi j si; S (p)

�	
= E

�
u
�
(ep� p)xi j si; S (p)�	

which implies that xi = 0 is optimal (i.e. no trade!!).

The idea is that in equilibrium, prices are fully revealing about the gains of
trade of all agents (so even if agents have private information, they do learn "a
lot" about the beliefs of all other agents by observing prices)

How can we then have trade in equilibrium?

1. Risk lovers

2. Non-identical priors

3. Introduce non-rational agents

4. Dynamic setting (buy because in the future there might be gains)
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2 Dynamic Speculation with Myopic agents

� Signals are about dividend streams dt (which is a random process). Div-
idends at time t are declared immediately prior to trading at time t; and
paid to traders who hold the stock at (t� 1). Here, E is the set of all
paths for dividends of the asset that have positive probability.

� Signals sit 2 F it , a partition over the set Si, where F it is a �ltration (i.e.
F it � F it+1, so as time goes by, we get �ner and �ner partitions). Let
st =

�
:::; sit; :::

�
be the vector of signals. Assume that all signals have

positive probability.

� Finite set of I risk neutral agents, with discount rate �.

� Aggregate supply of asset is x (�xed and inelastic to eq. prices pt)

Note that with information at time t, we can predict prices at pt+� according
to the law of motion of the �ltration.

De�nition 3 (Active traders) An agent is an active trader at t i¤ xit 6= xit�1
or xit = x

i
t�1 and 0 < x

i
t = x

i
t�1 < x

De�nition 4 (Short sales) A short sale is when xi< 0. If short sales are

prohibited, this is a restriction xi � 0 for all i

De�nition 5 (Myopic REE) A myopic REE is a sequence of self-ful�lling
forecast functions st �! pt = �t (st), such that there exists a sequence of associ-
ated stock holdings

�
xi
�
sit; pt

�
� xi

�
sit; S (pt) ; pt

�	
where St (pt) � ��1t (st) �


 such that:

1. Market clearing: 8 (t; st) we have that
X

i
xi
�
sit; pt

�
= x

2. Short-run optimizing behavior:

(i) : If short sales are allowed, then

8 (t; st; i) : pt = �E
�
(dt+1 + pt+1) j sit; St (pt)

�
(3)

(ii) : If short sales are not allowed, then

� If pt = �E
�
(dt+1 + pt+1) j sit; St (pt)

�
=) xi

�
sit; pt

�
2 [0; x]

� If pt > �E
�
(dt+1 + pt+1) j sit; St (pt)

�
=) xi

�
sit; pt

�
= 0

� If pt < �E
�
(dt+1 + pt+1) j sit; St (pt)

�
=) xi

�
sit; pt

�
= x
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Condition (3) is basically a no-arbitrage condition: the price today has to be
equal to the discounted dividends plus the capital gain tomorrow. The following
proposition states that even if short sales are not allowed, we still must have (3)
being satis�ed

Proposition 6 Even if short sales are prohibited, for any trader i active at
time t, we must have that (3) is satis�ed

Proof. Let gi � �pt�xit be the change in i0s cash �ow at t and tg
i
t+1 �

(pt+1 + dt+1)�x
i
t the cash �ow change in t + 1, where �x

i
t � xii � xit+1 is the

net purchases at time t. See that if agent i is active, then gi 6= 0 and tg
i
t+1 6= 0

as well. From market clearing, we have
X

i
git =

X
i
tg
i
t+1 = 0,which impliesX

i

�
git + �tg

i
t+1

�
= 0 =)

X
i

E
�
git + �tg

i
t+1 j St (pt)

�
= 0

If agent i maximizes, then we must have that E
�
git + �tg

i
t+1 j sit; St (pt)

�
�

0 =) E
�
git + �tg

i
t+1 j St (pt)

�
� 0 as well. From here on, same reasoning as in

the previous proposition.

Bubbles, as we have seen in class, are assets for which the price is above it�s
"fundamental value", understood as the NPV of the dividend stream that that
asset generates. This is usually the case in all the macro models you have seen
so far (until this course, at least).

2.1 Bubbles in Finite Horizon economies

De�nition 7 (Market Fundamentals and Bubbles) Given a REE and in-
formation

�
sit; St (pt)

�
for agent i at time t, we de�ne the market fundamen-

tal F
�
sit; St (pt)

�
as the expected NPV of the stream of dividends for that agent.

Namely

F
�
sit; pt

�
� E

 1X
�=1

��dt+� j sit; St (pt)
!

(4)

Based on this de�nition, we de�ne a price bubble B
�
sit; St (pt)

�
as the dif-

ference between the equilibrium price and the market fundamental:

B
�
sit; pt

�
� pt � F

�
sit; pt

�
(5)
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See that in principle, the market fundamental can be di¤erent for di¤erent
agents, since the expected value is calculated based on

The next proposition shows that, for �nite horizon economies, there are no
bubbles, independent of whether short sales are allowed or not. This is also true
in the Rational Bubbles literature (as in Santos and Woodford (1997))

Proposition 8 In a stock market with �nite horizon T ; whether short sales are
allowed or not, the price bubbles are all equal to zero for the traders active in
the market. Thus a market fundamental can be uniquely de�ned as the common
market fundamental of all active traders, and is equal to the price:

8 (t; i) active at t : pt = E

0@ TX
�=1

��dt+� j sit; St (pt)

1A =) B
�
sit; pt

�
= 0

Proof. (From paper). The price of stock at T has to be zero, because agents just
eat the dividends and after that, assets are worthless for any agent. Consider
a trader i who is active at

�
T � 1

�
. The previous proposition implies that

pT�1 = �E
�
dT j sit; St (pt)

�
, which implies that an active trader is indi¤erent

between selling and holding the stock until the end period T . Following by
induction, we prove the desired result.

2.2 Bubbles in In�nite Horizon Economies

In in�nite horizon economies and myopic behavior of traders, bubbles may
actually emerge (compare with OLG!!).

Proposition 9 Suppose T =1. The following statements are true:

(a) : If short sales are allowed, then price bubbles are (discounted) martingales:

B
�
sit; pt

�
= 
TE

�
B
�
sit+T ; pt+T

�
j sit; St (pt)

�
(6)

(b) : If short sales are prohibited, the price bubble of trader i endowed with
information

�
sit; St (pt)

�
satis�es (6) i¤ conditionally on his information

at t, trader i is active in each period t; t+ 1; ::::; t+ T � 1
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Proof. Simply use forward induction using (3) :

pt = E
�
�dt+1 + �pt+1 j sit; St (pt)

�
=

E
�
�dt+1 + �E

�
�dt+2 + �pt+2 j sit+1; St (pt+1)

�
j sit; St (pt)

�
=

using iterated expectations

E
�
�dt+1 + �

2dt+2 + �
2pt+2 jj sit; St (pt)

�
and using induction T steps

pt = E

 
TX
�=1

�tdt+� + �
T pT j sit; St (pt)

!
=

E

 
TX
�=1

�tdt+� j sit; St (pt)
!
+�TE

 
E

 1X
�=1

��dt+T+� j sit+T ; St+T (pt+T )
!
j sit; St (pt)

!

=
using iterated expectations

E

 
TX
�=1

�tdt+� j sit; St (pt)
!
+�TE

 1X
�=1

��dt+T+� j sit; St (pt)
!

| {z }
�F(sit+T ;pt+T )

+�TE
�
B
�
sit+T ; pt+T

�
j sit; St (pt)

�
=

E

 
TX
�=1

�tdt+� j sit; St (pt)
!
+�TE

�
F
�
sit+T ; pt+T

�
j sit; St (pt)

�
+�TE

�
B
�
sit+T ; pt+T

�
j sit; St (pt)

�
=

E

 1X
�=1

�tdt+� j sit; St (pt)
!

| {z }
�F(sit;pt)

+�TE
�
B
�
sit+T ; pt+T

�
j sit; St (pt)

�
= F

�
sit; pt

�
+�TE

�
B
�
sit+T ; pt+T

�
j sit; St (pt)

�

So, in conclusion

pt = F
�
sit; pt

�
+ �TE

�
B
�
sit+T ; pt+T

�
j sit; St (pt)

�
()

B
�
sit; pt

�
� pt � F

�
sit; pt

�
= �TE

�
B
�
sit+T ; pt+T

�
j sit; St (pt)

�
as we wanted to show.

Here, bubbles may exist. See Example in page 1174 of original paper
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3 Fully Dynamic REE

However, the possibility of bubbles may come just from the myopic behavior of
agents (i.e. they only maximize period t utility and nothing else). What if each
agents maximizes the expected NPV, instead of just one period gains?

De�nition 10 (Fully Dynamic REE) A fully dynamic REE is a sequence
of self-ful�lling forecast functions pt = �t (st) such that there exists a sequence
of (contingent) stock holding strategies xi

�
sit; pt j ht

�
(where ht is history of

observed prices and signals) satisfying

(i) : Market clearing: 8 (t; st) :
X

i
xi
�
sit; pt j ht

�
= x

(ii) : Maximizing behavior: At each (st; pt), xi
�
sit; pt j ht

�
solves

maxEt

( 1X
�=t

��dt+�x
i
t+��1 +

1X
�=t

��pt+�
�
xit+��1 � xit+�

�
j sit; St (pt)

)
(7)

The most important result of the paper is that when we take a more general
(and perhaps realistic) assumption about objectives of traders, we get that bub-
bles cannot survive (at least they cannot in a purely speculative environment)

Proposition 11 (No Bubbles) Whether short sales are allowed or not, price
bubbles do not exist in a fully dynamic REE:

8 (t; st; i) : B
�
sit; pt

�
= 0

Proof. Following the author, we will prove the result when short sales are pro-
hibited. De�ne Git �

X1

�=t
���t+1dt+�x

i
t+��1+

X1

�=t
�tpt+�

�
xit+��1 � xit+�

�
as a particular realization of the discounted sum of dividends plus capital gains
in i0s optimal strategy. In equilibrium, using the market clearing conditionX

i
xi = x, we have that

X
i

Git =
X
i

1X
�=t

��dt+�x
i
t+��1 +

X
i

1X
�=t

��pt+�
�
xit+��1 � xit+�

�
=

1X
�=t

��dt+�

0BBBB@
X
i

xit+��1| {z }
=x

1CCCCA+
1X
�=t

�tpt+�

0BBBB@
X
i

xit+��1 �
X
i

xit+�| {z }
=x�x

1CCCCA =
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 1X
�=t

��dt+�

!
x = ftx (8)

where we de�ne ft as the "realized market fundamental"
X1

t=�
��dt+� of

investing one unit in the stock. De�ne

F (pt) = E (ft j St (pt)) (9)

The proof will rely on two useful Lemmas:

Lemma 12 For all st we have that F (pt) � pt

Since trader i optimizes, at the optimum in particular she has to have greater
expected utility than the strategy in which she sells xit and leaves the market
at time t; i.e. E

�
Git j sit; St (pt)

�
� xitpt: Thus

E
�
Git j St (pt)

�
=

X
st2St(pt)

E
�
Git j sit; St (pt)

�
�i
�
sit j St (pt)

�
� pt

24 X
st2St(pt)

xit
�
si; pt

�
�i
�
sit j St (pt)

�35
where Sit is the projection of St on F

i
t . This then implies that

X
i

E
�
Git j St (pt)

�
� pt

X
i

24 X
st2St(pt)

xit
�
si; pt

�
�i
�
sit j St (pt)

�35 =
pt

X
st2St(pt)

�i
�
sit j St (pt)

�X
i

xit
�
si; pt

�
| {z }

=x

= ptx
X

st2St(pt)

�i
�
sit j St (pt)

�
| {z }

=1

= ptx

and using (8) we then get that

F (pt)x = E (ftx j St (pt)) =
using (8)

X
i

E
�
Git j St (pt)

�
� ptx

proving the desired result
The other Lemma is that no trader expects a gain from trades at no point

in time, and under no realizations of the signals:

Lemma 13 8 (t; st; i) we have that

E
�
Git j sit; St (pt)

�
= E

�
Git
�
xit�1

�
j sit; St (pt)

�
(10)

where Git
�
xit�1

�
is identical to Git except that involves a strategy that at time

t, the agent does not trade (i.e. she keeps xit�1)
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See proof of Lemma in paper (not a long proof).
Suppose now that F

�
si0t ; St (pt)

�
> pt for some agent i0 at period t. Then

i0 could buy and make a strictly positive expected pro�t, contradicting Lemma
2. This, for all i such that xit�1 6= x we must have that F

�
sit; St (pt)

�
= pt.

Now, if any agent i holds the whole stock at the beginning of the period, his
market fundamental cannot be lower than pt. Thus F

�
sit; St (pt)

�
� pt: But

then F
�
sit; St (pt)

�
= pt as we wanted to show.

4 Implications of "No Bubbles" Proposition

� Hard to get purely speculative bubbles, when there is no hedging motive
or a reason for the existence of rational bubbles (as in the case of dynamic
ine¢ ciency)

� In order to get purely speculative bubbles, we either need some players to
be irrational (as in Abreu and Brunnermeier), myopic or not be completely
speculative (i.e. they must have some motive for insurance).
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