Solutions for Problem Set #3
Macro 14.453

October 5, 2006

1 Precautionary Savings in General Equilib-
rium
Let utility be given by:

By Bula) M

where u (c) = —%exp{—’yc}. Assume the standard intertemporal budget
constraint
At+1 = (]. + 7") (At + Y — Ct) . (2)

(note: we do not necessarily impose 3 (1 +r) = 1 here). Assume that y; is
1.1.d. across time and agents. Let y, = y+¢; where ¢, isi.i.d. and E, 15, = 0.
We do not impose a borrowing constraint on this problem, A; can take any
value, although a no-Ponzi condition should be thought as being implicitly
imposed for the problem to be well defined (you will not have to think about
this no-Ponzi condition explicitly for solving the problem though).

1.1 Part (a)

Show that the consumption function,

T 1
C = m {At+yt+;y} _77'(7"’7) (3>



for some m (r,y) implies,

Acy = o [ =3 + 77 (r7) (®)

[note that the functional form of the consumption function, as a function
of A; and current and expected income, is like the CEQ-PIH except for the
constant 7 (r,7)]

We can lag one period the intertemporal budget constraint (2), i.e.

Ay =14+7) (A + Y1 — 1)

and plug it into the consumption function (3). So we obtain

T 1
P— Ai _ _— _ _— __ -
e =1(Ai1+ Y1 — ¢ 1)+1+r{yt+ry] m(r,7)

which implies

T 1
Acy =71 (A1 + Y1) —(L+7) e+ T+r {yt + ;y_} —m(ry) ()

Then we can lag one period the consumption function (3) and multiply it by
(14 r) obtaining
1_
(I+r)ca=r A1 +ya+ Y| - (L+7r)m(r,v) (6)
and pluggin together (5) and (6) we get exactly

T _
Acy = s lyr — gy + 77 (r,7)

which is what we wanted to prove.

1.2 Part (b)

Use the Euler equation and your results in (a) to show that the consumption
function in (a) is optimal for some 7 (hint: use the Euler equation to guess
and verify the optimality of the above consumption function) which depends
on 7 and the distribution of €.



From solving our optimization problem, as we saw in class, we can get
the standard Euler equation

u' () = B(1+r) By [u' (cra1)]
Using our preferences specification, u (¢) = _*ly exp {—~c}, we have that
u' (c) = exp {—~c}
and so we can rewrite our Euler equation as
exp{—yct} =B (1+7)E¢ [exp{—7cr41}]

which implies
1=08(1+7)E [exp{—7Ac}]

Thus, we can use the expression (4) we proved in point (a) and rewrite the
Euler equation as

1=3(1+r)E, [exp{—v (1ir5t+” (r,v)) H

exp {yrm (r,7)} = B(1+ 1) E, {eXp {— 1Y7“8t+1}]

and so

and taking log

7 (r,q) = % [Iogﬁ (1+7) + log E; [exp {— 1Y7“8t+1}H (7)

By construction this means that we can guess the following consumption
function

[logﬁ(l +7) + log E, [exp{— o 5t+1}”

U DR
Ct t T Yt ry 11r

:1+7" _%

or, equivalently

r 1 or
Acy = Trr [yt_y]-f-; [logﬂ(lJrr)JrlogEt [exp{—1+r€t+1}”

and plug it back into our Euler Equation to verify it.
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1.3 Part (c)

Show that 7 (r,v) > 0 if r is such that 5 (1 +r) = 1. Compare this to the

CEQ-PIH case. How does 7 depend on the uncertainty in y;?
Note that if 5(1 4 r) =1 from equation (7) we have

1 T
m(r,y) = %log E; {G‘XP {— 1 €t+1H

1+7r

By Jensen’s inequality we know that
log £/ (z) > E (log x)

so thay we can derive

1 T 1
m(r,y) > —E ( 2 5t) = rEt (e)) =0

Note that ,

Act:
1+7r

[y — gl + 77 (r,7)

differs from the CEQ-PIH case only exacly because of 7 (7, 7).

(8)

If markets

are complete but there is uncertainty, consumption turns out to be more
increasing because of the precautionary savings motiv. Note that as exp (+)
is a convex function, a mean preserving spread of ¢, is going to increase
E; [exp {—{£¢,}] so that we can conclude that 7 (r,7) is increasing in the

1+r
uncertainty of ¢;, or equivalently of v;.

Think at this simple example to be convinced that the expected value of
a convex function is increasing in uncertainty. Imagine to have two variables:

€ = g9  with probability 1
B €1 with probability p; = 3
B s with probability p, =1

where

1 1 -
E(E):€0:§€1+§€1:E<8)

Suppose f () is a convex function then it is clear that

E[f(e)] = f(e0) < %f(sl) + %f(fl) =L [f (5”

Since exp (+) is a convex function and log (-) is a monotonic increasing function
it turns out from (7) that 7 (r,) is an increasing function in the uncertainty

of y; as we have stated previously.



1.4 Part (d)

Assume there is a constant measure 1 of individuals in the population. Argue
that for aggregate consumption and assets to be constant and finite in the
long run (in the limit as t — 00) we require that 7 (r,7) = 0. What does this
imply about average long-run asset holdings as a function of r and ~(denote
this by A (r,7))? What is happening to the cross-section of consumption?
Does this distribution converge?

To require aggreagate consumption and assets to be constant and finite
in the long run is equivalent to require that variations in aggreagate con-
sumption and assets to be zero as t — 0o. Let us define F' (i) the probability
distribution across households so that from the result in part (a)

5i +rm(r,y)

Act =
147

and taking the average

r

1
ACy :/0 AcidF (i) = T

1
/ eLdF (i) + rm (r,7)
" Jo

Since there is no aggregate uncertainty, using the law of large number we can
infer that fol e!F (i) = 0 and then

AC;=rm 9)

Taking the equation for assets accumulation and replacing the consumption
function we get

At = A=+ 1+ (r7),

and taking the average
1 1
AA, = Ay — A= / A dG (i) — / ALdG (3) =
0 0

1
= / eldF (i) + (1 +7)m (r,7)
0
so that, using again the low of large numbers, we get
AA; = (L+7r)m(r,y) (10)

Equations (9) and (10) imply that in order to have finite and constant aggre-
gate consumption and assets V¢ , and so also for ¢ — oo, we need 7 (r,7y) = 0.
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This means that A (r,v) is a discontinuous function in (r,7). In fact
average long run asset holdings are going not to diverge only for those com-
binations of  and 7 such that m (r,7) = 0. In fact for all the combinations
of (r,7) such that 7 (r,7) > 0, we have that A (r,v) — oo and C (r,7) — o0
when ¢ — oo as we can see easily from equations (9) and (10). Vicev-
ersa, for all the combinations of (r,7) such that = (r,7) < 0, we have that
A(r,y) — —oo and C (r,7) — —oo when t — oo (since here no borrowing
constraints are imposed and consumption can be negative).

Finally, note that the cross-section distribution of consumption does not
converge in our model, at odds with the standard Aiyagari model. This
crucial difference is coming from our specification of preferences that is char-
acterized by a constant absolute risk aversion, but an increasing relative risk
aversion, joint with the fact that we are not assuming any borrowing con-
straint here, neither exogenous or endogenous (such as the natural borrowing
constraint that is driven from assuming non negative consumption). Recall
that in class Ivan showed the two crucial characteristics of the graph for the
evolution of the cash-in-hands in the Aiyagari model that are required to
get convergence in the cross-section distributions of x, and so of assets and
consumption. The first one was that the cash-in-hands (deriving from the
policy funtion for assets) after the highest realization crosses at a finite point
the 45° line and the second one was that the cash-in-hands (deriving from
the policy funtion for assets) after the lower realization crosses the 45° line
in its flat part. Note that we could prove that these two facts apply in the
Aiyagari specification, but the two prooves cannot be used in our specifi-
cation. The first one required not exploding relative risk aversion and the
second one that there is a borrowing constraint in order to have a flat part
of the function. Both these carachteristics are not matched from our model’s
specification and so we cannot prove that the distribution converges. In fact
we can easily see that it does not: although the aggregate is well defined, the
process for each individual’s consumption follows a random walk

r
1+r

Ciy1 = C + Etr1 (11)
We know that if there was convergence, the cross section ergodic distribution
of consumption would have been equal (from the law of large numbers) to the
time-series ergodic distribution of consumption for a single individual. But
since individual consumption follows a random walk, clearly the distribution
of conumption for a single individual over time cannot converge, and so
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cannot the cross-section one!
1.5 Part (e)

From the condition 7 = 0 we have

1 yr
0=—11 1 log £ — 12
po {Ogﬁ( +7) +log t{exp{ 1+T5t+1}:|:| (12)
Moreover from the normality assumption we have

’}/7" ) ]' ’}/T ? 2
= e —
Tgtﬂ P 2\1+r e

Ey [exp(— 1+

The complete markets equilibrium interest rate is

1-p
r=-—="~3.093%
B

Under incomplete markets we can calculate the equilibrium interest rate when
~v =1 from the following equation:

1 r 2
=1 1+7r)+ = 2

We can solve it numerically (using any program you want: Maple, excel,...)
and get

ifo =02 we get
r¢ = 3.091%

ifo =02 we get
r¢ = 3.085%

Note that as expected the equilibrium interest rate is lower the higher is
the risk aversion. In fact if individuals are willing to save more for precau-
tionary motiv, to keep the markets clear, for a given demand we need a lower
interest rate to counterbalance this willingness. Of course the same reasone-
ment applies when we compare the interest rate for any risk aversion degree



to the one in a woeld of certainty where there is no room for precautionary
savings and the interest rate turns out to be necessarily higher.

(f) Briefly discuss how you would think of calibrating ~ if you really
believed that preferences are CRRA ¢!=7/ (1 — o) for some known value of
o, but you want to work with this model as an approximation (because of
its analytical tractability).

Speculate on whether this is likely to be a good approximation for learning
about r¢. Can this be a good approximation for learning about the long-run
(invariant) distribution of asset holdings?

This question was meant to make you think about all these issues a little
bit more. There is no correct answer, but many possible ones according to
what you what you think is more important an economic model like this
focus on.

A possibility to calibrate v could be to use the fact that we knoe that with
our preferences specification, the relative risk aversion coefficient is equal to

u’ (c)c

u' (c)

RRA = — = e

We could then use estimates for the constant relative risk aversion coefficient,
o, derived from using the CRRA preferences and deviding it by a constant
value for consumption that could be the consumption level in steady state
for example (people suggested also to use the mean).

What is important to notice is that there is a trade-off coming from using
CARA preferences as an approximation. In fact it could be useful for learning
about ¢ since in equilibrium aggregate consumption is constant as we derived
previously, but it is definitely not a good approximation for learning about
the long-run distribution of asset holdings, since, as we discusses, there is not
a long-run invariant distribution of assets!

2 Income Fluctuation Problem — Numerical
Computation

This exercise asks you to compute numerically an income fluctuations prob-

lem. The problem is
l1—o

- c
max Fjy E gt
t=0

1—0
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subject to:
T = (L4 71) (@ — &) + Yera

where z; represents “cash in hand” and y,; labor income. The income process
is assumed to be i.i.d. with only two possible realizations y; = 1.5w and y, =
HSw with 1/2 probability each. Thus, aggregate labor supply is normalized
to 1. Set 8= .96, r = 2% and w = 1.

You are given the basic matlab codes that should allow you to compute
the solution to the income fluctuation problem

Perform all calculations below for ¢ = .75 and ¢ = 2. Since you
have been given the basic code do not hand in the Matlab code. Instead,
stress the intuition for the results you obtain.

We solve this problem by iterating on the Bellman equation

v (z) = max { BB (147 (o — ) +yt)}

0<c<z | 1 — 0o

starting from a decent guess (like the one obtained from consuming all future
current income and the interest on current cash in hand — so that z; remains
constant).

2.1 Part (a)

Solve the optimal consumption problem obtaining the consumption function
¢ (z). Plot the function for consumption, asset holdings a’ (z) = z — ¢(2),
and cash-in-hand for tomorrow (for both realizations of tomorrow’s income
shock), that is, 2’ (a,y’) = (1 +r)d’ (2) + ¢ for both possible values of ¥/’

Look at pictures (1) and (2). Note that the graph behaves exactly as
expected so that the cash-in-hand function derived from the policy function
for assets and the high realization of the shock crosses the 45° line at a finite
time and the cash-in-hand function after the low realization of the shock
crosses it in its flat part. These characteristics are crucial to have an ergodic
distribution of assets cross-section which is derived as the limiting invariant
distribution of assets of a single individual over time. This is used in the
following part: we evaluate the cross-section average assets as the mean of
the time-series assets of a single individual for a random realization of a
sequence of shocks long enough (in order to use the law of large numbers).
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consurmption vs. income with sigma =75
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2.2 Part (b)

Use this policy function together with random shocks to simulate the evolu-
tion of cash-in-hand, income, consumption and assets for 200 periods. Plot
the simulated series for consumption, income and assets. Is consumption
smoother than income? How high are asset holdings? For what fraction of
periods is the agent liquidity constrained (i.e. z; — ¢, = 0)? How do your
results depend on o7

We can see from the graphs (3) and (4) that consumption is smoother
than income, because of the precautionary savings motif. In fact for higher
risk aversion we can note that consumption in mush smoother and the level
of asset holdings is higher on average. Moreover, irrespective of the random
shok realization specific to your simulation, the fraction of periods in which
the agent is liquidity constrained is generally lower for an higher level of risk
aversion (it can perfectly happen that your specific simulation gives you that
the agent is never constrained neither for the case of o = .75.

Note that the histograms (5) and (6) helps to check that the program
we are running is correct. In fact we are bounding the cash-in-hands from
above to get a more efficient program, but we are allowed to do that only
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consurnption vs. income with sigra =2
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histogram of Asset holdings with sigma =2
f=t .f .f .f ! ; ! ;
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because we can see from the histograms of cash-in-hands that there is not
positive mass of individuals with cash-in-hands above a certain value much
lower than the bound that we are imposing. That means that the bound
that we add is not binding and, thus, does not change the results.

2.3 Part (c)

Compute a longer simulation (around 11001 periods), throw away the first
1001 periods (that is, from ¢ = 0 to ¢ = 1000 included) and calculate the
average asset holdings with the remaining periods. That is, based on the
simulated sequence for {z},70° compute 5555 SO0 a! () where a (2) is
the policy function found in a.

The average assets turn out to be

if 0 =.75
A =~ 1.1609

13



ifo=2
A~ 2.0257

2.4 Part (d)

(Carroll, 1997) Modify the income process to have the following character-
istic: there is a small probability 7 of income being zero. If this event does
not occur income is drawn from the same distribution as before.

Argue that, with the preferences above, the borrowing constraint will
never bind: we always have a; = z; — ¢; > 0 (you do not have to compute. If
we allow for some borrowing, so that we replace the constraint a; > 0 with
a; = xy— ¢ > —b for some positive b > 0, argue that this condition will never
bind and that in fact a; > 0.

This comes from the fact with this shock specification, there is always a
strictly positive probability, even if infinitesimal, that the individual turns
out to have 0 consumption, if the borrowing constraint binds. In fact in this
case, the agent has no assets, and there is a strictly positive probability that
he receives y = 0 so that he can consume only 0. But we know that

limu' (¢) = o0

c—0
so it cannot be that the Eulwe condition holds if we have this happening.
In fact the agent would always be willing to sacrifice 1 unit of consumption
today to save and get an infinite utlity tomorrow. That is why the borrowing
constraint will never bind.

2.5 Part (e)

Now you will compute the equilibrium for this model as in Aiyagari (1994).
Using the Cobb-Douglas technology F (K, L) = K“L'~“ solve the following
system for K (r) and w (r):
r o= Fp(K,1)=9¢ (13)
w = FL (K, 1)
Here K (r) and w (r) represent the level of capital demanded by firms and

the associated wage if the interest rate at a steady state were equal to r and
labor supply and demand are equal.
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For any proposed value of r (equivalently one can propose a value for K
and obtain the implied proposed r using (13)) we can use the implied value for
the wage w (r) and solve the individual’s income fluctuations problem given
r and w (r). Then using the method in (c) we can calculate the average asset
holdings, denote this by A (r). Think of A(r) as representing the steady
state supply of capital by individuals when the interest rate equals to r and
the wage is w (7).

We are looking for a value for r such that K (r) = A(r), i.e. that the
quantity demanded and supplied of capital at a steady state are equal. Using
a = .33, § = 8% and the parameters given above plot A (r) against K () by
computing A (r) for several values of r (pick values in the inteval 0 < r <
1/8 —1). Find the value of r and K at which both curves intersect.

From (13) and our Cobb-Douglas specification we can calculate the capital
and the wage as a funtion of r as folows

1

ko= (55)" (1)

o =(-a) (2 ) (15)

r+0

Moreover from the income-fluctuation problem we have solved in part (a) to
(c) we can derive the average asset holdings A (r) as a function of r. Note
that to calculate A (r) for a given r you have to slightly modify the program
to adjust the wage using equation (15) which was normalized to 1.

As specified in the question, In order to find the general equilibrium values
of r and K we need to find the value of r such that the markets clear, i.e.
thedemand and the supply of assets are equalized

K (r)=A(r)
We can proceed with two methods.

1. You can create a grid for r and repeat the program for any value of r
to construct A (r). Then compute K (r) for the same grid of r using
equation (14) and look for the intersection. This method is correct, but
maybe not the most efficient in terms of time.
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2. You can use the interpolation technique suggested by Aiyagari, which
is maybe more efficient. You can start with » = 0 so that you are sure
that

K (r)> A(r)

and then proceed in increasing r with a not fine grid since we know
the intersection won’t happen for r very close to 0. I proceeded by
increasing r by .01. For any value of r evaluate K (r) and A (r) and
check if

K(r)>A(r)

As long as this is true, keep on increasing r by .01. When you reach
an r; such that
K (7"1) < A (7"1)

than you start interpolating. Let me be more precise. Let us define rg
the value of r you checked before ry (i.e. 7o = r; — 0.01) so that you
are sure

To < T1
Then choose 5 as

To + 71
T9 =
2

and calculate K (ry) and A (r3) . The following step is to choose r3 as
follows:

if K(r2)>A(r2):>r3:r2;T1
and To + T
Zf K(T2)<A(T2):>7“3: 22 0

Then you proceed forward in this way, averaging the last value of in-
terest rate you used (at this step 79) with the lower (rg) or the higher
(r1) of the two used to construct it, according to if your assets (for ry)
turned out to be respectively greater or smaller than capital (for ).
In fact we know that capital is decreasing in interest rate and assets
are increasing in it, so that this method whould help us to converge
quickly to the value of interest rate for which capital and assets are
equalized.

I used the second method (see graphs (7) and (8)) and I got that
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General Equilibrium with sigma=.75

o r N W M O O N 00 ©
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ifo =.75 then
r® = 0.0404

ifc=2 then
r¢ =0.0375

Note that , as expected, the equilibrium interest rate turns out to be
lower in the case of higher risk aversion because people are more willing to
save for precautionary motif and so in order to have clearing markets for a
given technology we need to offset this willingness with a lower interest rate.
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General equilibrium with sigma=2
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