Solutions for Problem Set #1
Macro 14.453

September 15, 2006

1 Business Cycles Costs

1.1 AR(l)
Let utility be given by:

E_y Z ﬁtu (Ct)
t=0

where the instantaneous utility takes the standard CRRA specification

1=y

u(c) =

1—~
Assume the following consumption process
¢t = cfq€rexp (p)
where o2 (1—a)
M0
loge; ~ N (O,af) vt

so that the logarithm of consumption follows an AR(1) with parameter a:

log e = p+ alogei—q + logey.



1. Some general notation: take a random variable z and define the func-
tion H as follows

H(2',x) =Pr{zy <2 |z, =x}.
H is called the transition function. Then the sequence of distribution

functions {F;},°, for the x,’s is given by

Fiyp (o)) = /H(m',x) dF;(z) t=0,1,2,..

for a given Fy. Then, a distribution function F' is called an invariant
distribution for the transition function H if it satisfies

F') = /H (o, ) dF ().
In our case x; = log ¢; and define z; = log ey, then
H (2, x) =Pr{p+ar, + 241 <2’ | 2y =2}

where x; and z;,1 are both normally distributed and independent from
each other. We know that the sum of independent normal variables is
normally distributed as well with mean equal to the sum of the means
and variance equal to the sum of the variances. Then it is clear that
the invariant distribution of x will be a normal with mean and variance
independent on time, 7.e. asymptotically

z~ N (p,07)

where
fio = p + ap, and o = ool + o2

so that

Mo =17 and o2 =
In fact, we can show that
Ei(x)=p+aB (vy 1) =p+alp+aE (r,9)] =..
and

Var, (z;) = &*Vary (v,21) + 02 = ® [o®Vary (v,-1) + 02] + 02 = ...
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2
T a2)’ we have

so that, given o ~ N <

t—1

lirn Ey (v¢) = hm [Z o+ ' By () K

l—«

and
t—1 2

. T 2% 2 2t _ O
Jim Var (@) = Jiny [Za e + o Var, W] S

Moreover, note that

E(c) = E[exp(logc)]:exp(llja—{—Q(lajaQ)):

:eXp< <§1 >)1ia+2<10—§a2>>:1

. Assuming that the consumption at time 0 (¢g) is random and distrib-
uted according to the invariant distribution defined in point 1, i.e.

2
L o
IONN(l—a’ 1—5042)

note that you can write

V()\,a =F Zﬁuct (1+XN)] = E(u[c(l—l—)\)])iﬁt
so that

2 (1+1)" 1y _
Vi) = momay "=

e [“ () S5 (s i§a2>]

. Note that when 02 = 0, then p = 0. So we have

1
(1=p8)(1—=7)

V(0,0) =

3



and we are interested in A such that

(1+ M) exp [(1 — ) (1 fa) e _27)2 (1 iiz)] —1

Substituting for u, after some algebra we get

1+ N7 exp {—7(1_7)( o )} —1

2

and taking log

2
Y 0.
log(1+)\):§ (1—042)

2
v o

A — 2
2 (1—a2>

Note that as the variance or the permanence parameter increase the
cost of business cycle increases. This is intuitive since the business cycle
is more costly when the associated volatility (and the permanence of
the consumption process is in fact a way of increasing its volatility as
well) is higher because the risk is higher and the desire of consumption
smoothing harder to satisfy. Clearly the more concave is the utility
function the higher is the cost associated to volatility.

so that

Recall that in the i.i.d. case, i.e. « = 0 (or no persistency), we have
AR %ag

and we have the minimum cost associated to the same volatility of the

shock ¢.

. Note that when o« — 1, the log ¢ follows a random walk. This means
that an invariant distribution for consumption does not exists, as we
can simply notice from the fact that if we look for it we find a distri-
bution with infinite variance. Notice that this does not mean that the
cost of business cycle (as we defined it) is infinite, but simply that we
cannot use the same procedure to evaluate \, since we cannot assume
an invariant distribution for consumption.



Moreover, let us do a step back. If the consumption is distributed as
assumed in this exercise, is it sensible to think at A as the cost of busi-
ness cycle? Recall that Lucas’ calculation are based on the idea that
removing the business cycle can be identified with removing the whole
stochasticity of the consumption process. Well, if this exercise can be
meaningful and insightful when the consumption process is assumed to
be 7id, it is more troublesome to follow the same reasoning when con-
sumption is assumed to have some permanent component, as it seems
to be the case in reality. In this case, what we may be interested the-
oretically would be to disentangle the component of stochasticity that
represents "something more" than business cycle from the component
of stochasticity that instead creates the oscillations that are typical
of the business cycle. Then the correct exercise would be to remove
only the latter. In other words low frequency and sometimes very high
frequency fluctuations are not regarded as business cycle, as Alvarez
and Jermann (2000) point out. Then, it is then that if we remove the
whole stochasticity as we do in the exercise, we will find numbers much
higher for the cost of business cycle when we have permanent processes
for consumption.

. Suppose now that cg is known and not random. Note that the previous
analysis, based on the assumption that ¢y was random and distributed
according to the invariant distribution, gave as a sort of upper bound
for the cost of business cycle, since we were adding volatility also at time
0, while assuming that consumption at time 0 is known is alleviating
the weight of the cost of business cycle.

Moreover, assume now that
u(cy) = log (c) .-

I choose to use a recursive formulation, but you can solve the exercise
also without it.

I can rewrite the problem as
V(A o2)=ulc(L+N)]+BE[V (A 02)]

and guess
V (c; )\,ag) = Alogc+ B



Using this guess I can write
Aloge+ B =logc(14+ \)|+ BE (Alog [c*cexp ()] + B)
Aloge+ B =logc+log(1+ \) + fAaloge+ fAEloge + SAu+ B

where
Eloge =0

so that matching the coefficients we get
1
(1—ap)
log (1 + ) By
B = +
1-p)  (A-=p)(1—-apb)

A:

so that we have

B
(1—-ap)(1-8)

log ¢ n 1
(1—ap)  (1-5)
Then we are looking for the A\ such that

V(e o?) = log (1+ X))+

log (1+A) = —(1?—‘;@
where )
o (1—a)
F=7%0 -
so that 51— a)o?
e+ = S (1= ap)
or ﬁO.Q
A~ g

2(1+a)(1—ap)
Note that the cost of business cycle is not discontinous in @ = 1 any-
more, since we are not assuming an invariant distribution for consump-
tion to get it. In fact when o = 0, we have that

and when o« = 1



1.2 Random walk
Let the utility be given by:

E_y Z 5tu (Ct)
t=0

where the instantaneous utility takes the standard CRRA specification

Assume the following consumption process

o?
Ct = Ct—1&1 €XD Y

loge; ~ N (0705) vt

where

so that the logarithm of consumption follows a random walk and E (g;) = 1
Vit.

1. Write the problem in recursive form as follows:
VA o2)=ulc(L+N)]+BE[V () 02)]

where ¢ denotes the consumption of today, ¢ the consumption of to-
morrow and A is a positive constant.

We can guess that the value function assumes the form

i

. 2\ _
V (¢, 0?%) _Al_7

where A is a constant. Let us verify. By using our guess, we can write

1—y 1—71 1—y J1—
PR (1+ ) —i—ﬁE{AC }
1—7 1—7 1—7

2
o
d=ceexp | —=
PA73

7

where



and

So we have

Now recall that

so that we can rewrite
(1+N77

A= -
1 — Bexp <_7(1—2V)08>

which is a constant and verifies our guess, so that

1—y
V (c; A, O'g) = L+ el

=) 1 - penp (202

. Now we want to compute the value of A such that
Vv (c; A, 0?) =V (¢0,0)
or

1—y _

L+ . 1
(1—7) [1—Bexp (—%)] (1= -p)

We can already see that A turns out to be independent on ¢. In fact

ol

we have [ ( : )2”
1— Bexp (—150%
1+ N7 =
(1-5)
so that |
\ [1_6€Xp<_%>} M_l

(1-5)



Then, taking logs

log [1 — Bexp (—7(1%)05” —log (1 —7)
(1=1)

log(1+ ) =
and approximating we get
log [1 — Bexp <—%)] —log (1 —7)

A )

Note that A is increasing in 7,3 and o2 as expected. Note that for
v = 1 we get exactly the solution we found using directly the log
utility function.

3. Looking at the tables we can notice that, in comparison with the 7.7.d.
case, the cost of the business cycle is much higher. This does not
necessary invalidates Lucas’ point that business cycle is not so costly
as slow growth rate, since, as noticed in the previous problem, when the
process for consumption is persistent if we evaluate the cost of business
cycle as the cost of removing the whole stochasticity of the economy,
we are definitely overestimating that cost, since we should disentangle
lower frequency randomness from higher frequency one, as discussed in
the previous problem. Look at the next table just to get an idea of the

magnitude:

beta=.9 gamma
0.5 15 2
st.dev. 0.01 0.022612 0.071218 0.099447
0.05 0.115294 0.452786 0.856803

beta=.95 gamma
0.5 15 2
st.dev. 0.01 0.048034 0.159651 0.236022

0.05 0.250773 1.43844 37.68596

2 Intertemporal Elasticity of Substitution, Risk
Aversion and the Cost of Fluctuations



Solutions Problem Set 1

Macro III (14.453)

First of all a short note on the preferences we have.

o=

v =|(1=B)el + B(Ewg) ¢

Note that in that case we no longer restrict (as in the usual framework) the
coeflicient of risk aversion to be inversely related to the elasticity of intertem-
poral substitution. Now (1-p)~! is the elasticity of intertemporal substitution
while « captures risk aversion. This will be important when discussing the
results of the problem set.

1. In this question you are asked to proof that if {v;} is implied by {c;}, then
{Av;} is implied by {Ac:}. To do that we only need to verify our guess.
Assume this is true for ¢t + 7, 7 > 0. Substitute in our lifetime utility and
check that it also holds for time t¢.

o=

= [(1— B)Ael + ﬂ(EtA%gH)ﬁ] -

A is constant

o=

(1= BN + N BEA ) E ] = A1 = B)ef + BEA 1) ]
= )\’Ut QED

To proof the next part, do the same thing,

D=

= |- B+ BEWNE]T = (1= B+

Y is C;lstant
=[(1-B) + 87 = Q.E.D.

2. Now we want to build a measure of the cost of fluctuations as the one
described in the lecture. n will be our measure and tells us how much do we



have to increase the consumption of the agent every period to compensate
him for having variability, both because he does not like uncertainty and
he does not like to substitute over time. When you have a deterministic
and constant path of consumption {¢}, the ex ante lifetime utility is given
by u(?) = (E®)= = T given the definition of u() and the second result
derived in 1.The ex ante lifetime utility of (14 n)c, given our first result,
is given by [Ei{(1+m)vi(c))}*]7 = (14 n)[E{ve(cr) }*]5 = (14 n)ug. For
the individual to be indifferent it has to be the case that

u@) = u((l+n)a) =
c = (} +N)ug <
(1+m) = u—co Q.E.D.

3. To solve this part, write our ex post lifetime utility for all periods with
a=p,

Substitute vy in vy to get

o=

v = (1= B)ch + B{Eo [(1 = B)<f + BEE))7 Y|
= [(1 = 8)cf + B~ B)Eoct + F*Ewef]

where I have used the law of iterated expectations to replace E; with Egy.If
we keep replacing for vg, v3, ...we get to the general expression for a given time
t

=

P

t
B Eovf} 7

1-p

m:k—m@mw%4+w%@+m+

and taking the limit when ¢ — oo

vo = [(1 -0) <c§ + EOZchf)} ' :

t=1

given that § < 1 and that v; is finite, which is a monotonic transformation
of



cf =
Vg = 2 + E()Zﬂt—t QED
p - P

The intuition for this is clear. When we assume a = p, we no longer have a
distinction between the coefficients that capture risk aversion and intertemporal
substitution and thus, we are back to the standard expected utility framework
with CRRA preferences.

4. Now our consumption path is deterministic and intuitively the coefficient
that captures risk aversion should not play any role, lifetime utility should
not depend on risk aversion if there isn’t any. That is the reason why,
even without assuming o = p we get the same expression than before.
Algebraically, note that the v cancel in our expression as we know that v
is deterministic. Thus we have

1
P

v = [(1 = B)ef + Bvf )7,

which is the same expression we had in 3.(without the expectation term), so
doing the same steps we get to the same result,

<o = ¢ Cr
Vo= |—+ Zﬂ — 1.
e

Now we have to compute the lifetime utility for ¢, = {c;, en, ¢, ch, ...} and
e = {enc,cny e, cp, ... ). Tl solve the first case, the second can be found fol-
lowing the same steps. From our expression we have

o=

volen) = [(1=0) (¢ + Beh + %) +..)]" =
(L= B8) ( + BeL)(1+ B2+ B4+ .)]F =

[(1 )

1-— 32

1
P

(cf +ﬁCZ)] = Vo

and symmetrically,

1
P

o = |52

As it was noticed before, the solution does not depend on « because the
consumption path is deterministic.

But as we still have different consumption levels every period, it depends on
the elasticity of substitution.

When we take the limit as 3 — 1, the intuition is clear. The individual does
not discount the future any more, he likes it as much as the present. So for
him it does not make any difference in which order he gets the consumption

(+ oct)|



levels and thus both paths of consumption give the same level of utility. Note
that as we still have variability in consumption over time, the utility levels will
depend on the elasticity of intertemporal substitution. Algebraically, applying

L’Hopital Rule, ﬂlinl % = ﬁlinl :_21ﬁ = % and then

1 P
Volh = |:§(CZ + Cf):| QED

lim lim

Uozﬂ_ﬂvom:ﬂ_&

Using our equation for the welfare loss for ¢ = %(ch + ¢) and uy = v

obtained in 2 we get
(en + @)
1

[3(ch + )]

Again the answer does not depend on «. Notice that if the individual has
oo elasticity of intertemporal substitution (p — 1) then there is no loss at all.
This is reasonable since it does not matter to him that the consumption varies
over time. And the less willing he is to substitute over time, the bigger the loss.

If instead of a deterministic path we have uncertainty, the parameter o will
play a role. This is the case when we assume that consumption path can take
any of the two ex ante with probability %

uo = [Bo{vo}°]* =

B ((11__;) (CZ—F/@’C;)))% +% ((11_—[3@ (Clp+5c;;))%]

When 8 — 1 is totally indifferent between the two paths. So ug won’t
depend on « as he is not facing any uncertainty. Algebraically

I a a =
ﬁinluozg (5 -+ 5¢) +§(§<cf+ﬁcz>)] -

5+ %

5. Now we have the opposite case. Once uncertainty is resolved in time 0,
we have a deterministic and constant path of consumption. Intuitively, ex
ante lifetime utility should not depend on the elasticity of intertemporal
substitution but should depend on risk aversion as we have ex ante uncer-
tainty. And it shouldn’t depend on the discount factor as present is the
same than future. Algebraically, we now that vg, and vy are, using the
result derived in the first part of the exercise,

(1+n) =

Q=

von, = ¢, and vg; = ¢.
This implies
1
i+ )|

w0 = [Bofo}*I% = [ 31



6. Now we have both uncertainty and variability over time and thus, lifetime
utility should depend on both parameters, o and 3. Write the expression
for wug,

1
re%

uy = [Eo{vo}o‘]é = Bvo(cl)a + %vo(ch)o‘

1
1 ay 2y e 1 a @ o
= [0 Bt + BB + 50~ ek + BEwt) |
where I used the expression for vy given initially. Given that consumption
is 4.i.d. we have that . .
(Eovt)= = (Eyof)™ = w

Because of stationary of the process and infinite horizon, the problem is the
same in 0 and 1, i.e. ug = uq.
Thus we can write

Q=

1 a 1 a
ug = 5{(1 — B)e] + Buf}r + 5{(1 —B)eh + pul}r | ...Q.E.D.

And as argued before, it depends on both parameters because the individual
faces both uncertainty and fluctuations in consumption.

7. Solving with excel or mathlab, we obtain the following results for n:

a\p 1 5 -1

1 0.0000% 0.0096% 0.0384%
b 0.0004 0.0100 0.0388%
-1 0.0016 0.0112%  0.0400%

When the agent is risk neutral (o« = 1) and has a elasticity of intertemporal
substitution of infinite (p = 1), there is no loss. for a given p, the more risk
avert (smaller «), the bigger the loss. And for a given «, the less willing to
substitute, the bigger the loss. Notice that the results vary more with p, that is,
the consumer is affected more by variability on the path of consumption than
for uncertainty when the tolerance to any of those things is small.
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