1.571 Structural Analysis and Control
Prof. Connor
Section 5: Non-linear Analysis of Members

5.1 Deformation Analysis

i\
(1+e)dy/ n
2™ Y
dy
(L+¢g)dx
dx

5.1.1 Deformation of a fiber dx initially aligned with x.

Uy
2
% u,—u; = Au
I V2

A dx+u,—u; = dx+du
Uy dx(1+ g—i) = dx(1+u,)
dx+u,—u,
V,—V; = Av
w T\,,de dv = g—\;dx = v,,dx
e
4 (1+u,,)dx
(1+8)% = (1+u,)2+vg
e(2+¢€) = u,(2+u,)+ V,)%
EX) ( u,X) v,2
+=] = + =] +—=
e(1+3) = w1+ 3)+3
For small strain (g, « 1)
_ Uy V.2
s 1)
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If the member does not experience large relative rotations, then the non-linear u,,

term can be ignored.

Then for small relative rotations

_ 1,2
€ = Uy +2V,2

2

X

5.1.2 Deformation of a fiber dy initially aligned with y.

Proceed as done for dx to obtain:

For small strain

For small relative rotations
— 1,2
gy = Vit 35Uy

5.1.3 Shear deformation

( Ty

For small rotations
yOu,y v,y

X
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5.2 Straight Beams - Non-Linear Analysis for Plane Members

5.2.1 Axial Strain

For small rotations

5.2.2 Shear Strain

Ug = Uy—Yysinf
Vg = Va—Yy(cosB—1) Ov,

[32 «1
snp Op
cosp 01
_0(ug) 1/9(vph?
SX‘B T 0x +§( ax)
9 . 1/0Vp)?
&g = &(UA—YS'HB)*LQ(&)
1

EX‘B = uA’x_yB’x+§(VA’x)2
EX‘B = EX‘A_y{?”x = Exo_yx

B Ooug 0vg ) )
yB - ay + ax - ay(uA_ysnB)+
Yg = =B+ Vax

0
&(VA)
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5.2.3 Summarizing

Define e (y) = ¢/
y=y
exI = SX_yB’X
£, = Up+3V,2
y| = V’x_B

5.2.4 Apply the principle of virtual displacements

- Take a deformable body resisting some external loads

- Produce a perturbation (a virtual displacement)

- If body is in state of equilibrium, the first order work done by the stresses is equal to
the first order work done by the externally applied forces

i.e. I(o [fe)dVol = ZForces [Virtual Displacements

For a beam: Internal virtual work is caused by stresses o, T,
”{ (0,08 + Txy'éyxy)dA} dx = ZForces Virtual Displacements
XA

Exl = Ex_yB’x =€ —YX

_ 1,2 _0u, 6)()2
5 = Ut 39 = G0 o

_0(u+du) , 17a(v+3dv)\2
(6, + 88) = S0 (A
_ 0u, 0du 1(0v  98v)\2
(Ex*08) = 50+ 9% (6x+ ax)
du _ ddu ‘3_:/()2 Ovadv  1(9dv)?
(Ex*08) = 50+ 9% 2(6 " OxX ox +2( ax)
_ 00U 9vadv _ 1/9dW\? _
Then og, = Ix +6x Ix +2( ax) = O0U,, +V,,0V,,

_ ,O(B+30) _ 0B, 03B

2%
yox = yg? = yop,,
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Therefore

5y = 6(3%/—6[3 = 5v, — 3P = By

Right hand side of the virtual work equation
[[1(0, 38, + 1,/ BY,,) dA} dx

XA

[[ocde,dAdx = [[(0,3e,—0,y8B,,)dAdX
XA XA

[[ocoedAdx = [(Fae, + M8B,,)dx

XA X

[ [Ty 8,y dAdX = [VEyex

XA X

Giving
RHS = j(FasX+ M3, + V3y)dx
X
Integrating by parts Iuv‘ = uv—ju'v
d(Fv,))
0x

RHS = (Fou + Fv,, 8V + M3[-+ Vov)| —j(éuF,X + av(

X

+V,,) + BB(M,, + V) dx

Left hand side of the virtual work equation
LHS = jbyavdx+ jbxaudx+ jmasdx+ 3 P [Bp
X X X

Differentiating both RHS and LHS wrt x, recognizing that the first RHS term is a con-
stant and that both the second RHS term and the LHS are integrated over the same
interval, we get

(Foy+ BB+ (V,y + (FV,y), +b)BV+ (M, +V+m)3B = 0
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Since du, dv, and & are independent, each term becomes and independent expres-

sion
F,+tb, =0
V,X+(Fv,x),x+ by =0
M,+V+m=0

These are the governing equations of equilibrium for a non-linear member.

Note: in V, + (Fv,x),x+ by =0, (Fv,X),X = source of P-& effect.

5.3 Compatibility Equations
F = IOX'dA = IESX'dA IE(U + V,X yB,X)

F = u,[EdA+ %v,iIEdA—B,XIyEdA
A A A

If y is measured from the mechanical centroid IyEdA =0

A
Then
F = Ds(u,x+%v,)2()
where Dg = IEdA
A
M = —jyox'dA = (u + v )IEydA+ B,XjEyZdA
M = DgB,,
where Dg = IEyZdA
A

M = jrxydA ijdA:jG(v,X—B)dA
A

V= DT(v )
= deA
A

1.571 Structural Analysis and Control
Prof Connor

Section 5
Page 6 of 17



Summarizing
F,+tb, =0
Vit (Fvy), +tb, =0
M,+V+m=0

F = Ds(u,x+%v,)2()
M = DgB,,

V = D(v,,—B)
Boundary conditions
uork,

B orM

vorV+Fy, =P

Note Py = effective shear

5.3.1 Examples of boundary conditions
a

N\

-«——P
X Ke
-
7
L
@x=0
u:V:B:
@x =1L
F=-P

M = —kB(L) ; M = 0 without spring
V-v, P = —kyv(L)

N

@x=0
u=v=_p=
@x=1L
F=-P
B=0
V-v,P=0

H—
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Example

b,=m=0
? T Aby Dg, Dg, D1 = constant
i } . r
A B

7
+b,=0 - F(x) = constant = —P

X

F

X

Ds(u,x+ %v)z() =-P

o = P 1,2
X DS 2 X
Px 1 2

_ A - -
u(x) —u(A) D, 20v,de
M = DgB,,
IVI’X = DBB’XX
M, ,+V+m=0
DgB,yxtV =0
V= _DBB’XX
VvV _ _ VvV _ Dg
EF—V,X—B - V’X = B+D—T = B—D—TB,XX

Vax+(FVix)aX+by = O
—DgBiyyx—PViyx t b, = 0

xx My

DB
_DBB’XXX_P(B’X_D_TB’XXX) + by =0

DBB’XXX(DET_]') _PB’X+ by =0

p b
BioxtT————=Bx = ——

Define pe =
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Solving for B and then v, starting with
2
2B, =
B’XXX+l'l B’X Pby
— P :
B=C,+ u(l - D_g (= C,sinux + C5cospx) + Bpart
DB
v = I(B—D—TB,XX)dx
vV = Cyx+ Cy+ Cycospx + CgSiNpX + Vi

M = DgB,, = P(—C4cosux—C53inux)+DB(Bpart),
V = -DgB
V = uP(-C,sinux+ C5cosux)—DB(Bpart),XX

X

XX

For by =0

|
o

V=0 - C4+C,=0)C,=0

v=0 - C,L+CgsinpL =0
C,=0
M=0 - CgsinpuL =0 | 2

For a non-trivial solution sinpL = 0 (ieyL = nmm,n = 1,2,...)

Forn=1 pL:an:E{
2
So [—[2 = LP
D (1——
B Dj)
m°Dg
L2
P, = ————
1+
LZDT
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5.4 Member Relations Geometrically Non-Linear Case

Y,V
A
/ ﬁ/ p =
Ve
Va
>X, u
A L B ug _
~~ Mg
VB? AN ;
_ —
VA FB
3 ? Vg —Va
Fa
— L
PL2
(02 = B =
Dg
Dy = El

D = 2(1-cospL) —pLsnpL
D@, = pL(sinuL —pLcospL)
D@, = pL(pL —snpL)
=0t

Assumption: Neglect transverse shear deformation wrt bending deformation

Ua Ug
Up = | Vp Ug = |Vvg
Ba Ps
Fa Fs
Fa = |V, Fs = |Vg
Ma Mg
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5.4.1 Member Equations

Set

‘e ADS Iz

= =2y 2
g = LIZV’XdX
PL_

Ug = Up D, eL

lEB =

_ Dg

Mg = T(¢1BB+(P2BA_(P3P)
_ Dg

Ma = T((PlﬁA‘*'(PzBB_(Pap)

_ Dro.
Ve = —5 2 (Bs + Bo—2p) —Pp

\_/A = —\_/B

Write member equations as

DyL 0O 0 | DL 0
0 2Dgp; Dgos||Us 2Dg(,
L3 L2 ||vglt K

0 _Dg9; Dg9y ||Bs 0 Dg®s
12 L I L2

Kag Ug Kea

If F(') = Forces due to span loads

Likewise

Dy/L

Fg = KggUg * Kgala + F(r) + Eg)

0 0| DyL 0
_2Dg¢; D@y Us 2Dg(,
L3 L2 ||vg| ™ L3
Dg@; D@, |Bs Dg®s
L2 L I L2
KTga Us Kaa

EA = l—(1B—Al—"IB + l—(AAl—"IA + E,(Ar) + EX)

Dg®s

Dg®,

0

_Dg%s

|_2

Dg®,

0

|_2

L

TS(UB—UA+erL) = —P (member in compression)

Ua| |Dgg,
Val ¥ [-Pp
Pa 0
u, FY
Ual  |-Dge
Val | Pp
Ba 0
uy,  EY

Note: This formulation is wrt local frame and must be transformed to use global frame
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5.5 Applications

1. A Frame
w w
H v g Y
> >
lc I
7 7
Consider lg = o
‘W Boundary Conditions
H % Vg BA = BB =0 Va = 0
— —
B _ Vg B
P = r Vg = V
P=W Vg = H

X
YV /. y

End actions at B
_ 2D 2D
Ve = _B(p?’v Wo = {_B(p?’ \LV}V = H

B L3 13 L

_ Dgog

MB = — |_2 V
Write Vg = H = kv

_ 12Dg D3 WL2
L3 | 6 12Dg
Forw=0
12D
(p3 = k = B

L3
If we apply W = P, = m2Dg/L? HL = T @y = T?/2

_ 1209 w2

=3 {6_Pcr12} =0 forW =P,
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2 Cantilever

w
| Boundary Conditions
H, vg
B > BA =vy,=0
Mg =0
Vg = H
P=W
A
7
Solution
o Vg
IVlB (Plﬁs (Pgt 0
o Dg®; A B
Vg =H=- 2 {BB_ZI PL KyVg
D
o, = De%f, %] P
L3 Q] L

Note, from elementary mechanics for a cantilevered column
m’Dg 1D

o (2L)2  4L2

Then
If W=20
P=20 ¢, =4 @ =2 @p; =6
_3Dg _
H= T3 Linear case

If W#0
03 P

k, = —=2¢0,—— ———

H L3{ s 0, (DB/LZ)}
At the critical load

2
_n — o _IT _n — (I
pL—2 D—22 Do, 5 D@, (’21)
0
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At P = =P

cr

NI

1
pL = _(_2) 01.11
2 [

cospL [10.445
snuL 0.9
@, U4

;16

D 2

E (p]_ T[2

So, about a 40% reduction in stiffness due to axial loading.

DB
U1.77—
|_3

3 Simply Supported Beam-Column

MB* V
P T
A BA
Boundary Conditions
M,=0 Vo =0
Solution
Ma = 0= @85+ @,Bg
¢,
Ba (PlﬁB
Dg 93
e - 32 =10
B L \*1 0, B BPB
fP=0
DB .
kg = ST (Linear case)
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4 Multi Span Beam-Column

/A B C - P
- L, 7 L,
Segment A-B (from example 3)
Lt
P Mg = Kk
A % B sBs
. L, 7
Segment B-C
7 BB H, Ve Ve
W P o g
B
B C - P
7 L,
Boundary Conditions
vg =0

Mg = —kgBg (be careful of sign convention)

Ve = H
M, B T :
¥. P

. -
Solution
. D Y
) Mg = L_I;((plBB+CPZBC_(p3L_(;) = —kgBs
. D v
if) Mc = L_Ij((plBC’L(PzBB_%L_CZ) =0

Use i) and ii) to solve Bg and B in terms of v
Dg Dg Dg V¢
Bs{ks + ,_—prl} + L—ZCPch = L%
) PsVe
i + = —=
%BB Pe ¢ L,
Then substitute in expression for H

Dgog Ve Ve
= — — + 2=\ _pP—=
H 1 % { BC BB 2'—2} |:>L2
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5.5 Incremental Formulation

5.5.1 Some simplifications

1.

Take v,, O 3

Then

Vg —Va

1
e = Zjv,fdx

=p

1 2
& Ozr(p2L) = &

2. Assume ‘s are constant during incremental motion. This results in Kgg, K,s, and

Kga constant. (ie dk = 0)

3. Consider small increment, ie work with first order change.

operating on d

E(r)

dFg OkggAug + KgaAu, + dEg) + dEg)

dEa = KIpAUg + KngBu, + dER + dER

Dse D_S 2
r p
£ = _ 12
= FBp =
0 P
0

oL

Ds
B = [ (Ug—Ua) +Ds&

© Dgpdp
=r
dE™" = |F dp + dFgp
0
_ Avg—-Av,
dp = 3
Dg Avg—Avy
dFB = T(AUB_AUA) + Dsp(f)
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Then
Dgp

Fg Dgp Dgp?
0

dF(") = Kn(Aug—Auy)

] o ]
0 L
Kr = |Dgp Fg Dgp?
_ 4 O
L L L
| 0 0 0

5.5.2 Summarizing
dEg O(kgg + Kg)Aug + (kgp —Kg)Au, + dF g’

dEa O(Kga + Kr) AU + (Kpp + Kg) AU, + dER]

These two expressions define the tangent stiffness for a member. One usually retains
the non-linear terms only when the axial force is compressive since the stiffness is
reduced. A tensile axial force increases the stiffness.

5.5.3 Linearized Stability Analysis
1. Take p = 0 in K.
2. Find axial forces with linear analysis (ie ignore K.) Evaluate @‘s.

3. Test determinant of tangent stiffness matrix.
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