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Prof. Connor

Section 2: Linear Formulation for a General Planar Member

2.1 Geometric Relations: Plane Curve

t

2.1.1 Arc length

Define

Then

X = x(0)

y = y(8)

0 = Parameter to define the curve

I = position vector for a point on the curve

P = Xi+y]

Differential arc length = (dx2 + dyz)l/2 = ds

o= (2 (297

«= (@)

ds = ad6
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2.1.2 Tangent and Normal Vectors
Ar (x + Ax, y + Ay)

—

Ar

P,—F, = [(0 +A8) - 1(6)

Ar = ((x+AX)i + (y + Ay)j) - (xi +yj)
Ar = (AXi + Ayj)

a1 = (&% + )% = s
Then for continuous and well-behaved functions
dr = (dxi+dyj)

dr _ dr _, _ (dx  dy:
ds  |di] b (ds”dsj)

t; = unit tangent vector

= (qge) * (Gas)!

Define t, such that
t; xt, = k (unit vector in z-direction)

and enforce
t; e t, = 0 (perpendicular)

= (-gg)'* (Gao)!

gives

Section 2
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2.1.3 Differentiation formulae for the tangent and normal vectors t; and t,

tety = hl‘z
ety = hz‘z

d%(h '5[1) = s[1 °

dy

Therefore,
ds

The result is written as

1
1

dt;

ds

must be [fd t;, and thus proportional to i,

dt; 1

ds ~ R?

dTZ _ lT

ds =~ R1?
where

1_

R 0(3

2 2
_i(_dxderdydx
de?d8  4g?d
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2.1.4 Example: Curvilinear Formulation

Take the angle 6 as the parameter defining the curve

YA
-
0 R
t
LA
\6
y X
>
X
X = RsinB
y = R(1-cosB)

1/2
— d . o). (d 2
a = R{(ﬁsm(ﬁ) +(ﬁ(l—cose)) }
a = R{cosz(9+sin2(9}l/2 =R

t, = é{RcosG?+RsinG]} = c0sBi + singj

t, = —sinBi + cosBj
dt, 1dt;  qdty 1, . . s 1
4 - ads - Ras - p(-sin@i+ cosb)) = ﬁiz

dTZ _ ldTZ _ ]_dTZ

_ 1 @i_cingl) = 1
% " ods CRE R( cos0i-sin0j) RTl

This illustrates the equations on the previous page.
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2.2 Force Equilibrium Formulation: Curvilinear Formulation

t,V
. .

——P

Y

T3 = T]_XTZ

Loading per unit arc length
b = bt + bty
m = ng

2.2.1 Vector Equations

As
wh_
F

F+AF-F+bAs =

M+ AM—M + mAs — Ast; x (-F) = 0
Then

dF

ds

dM

—+m+t xF =

ds !
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2.2.2 Scalar Equations

lf = FT]_"‘VTZ
dF dt,
E = —(FT]_"‘Vtz) = F
dF _ dF Vv
ds ~ RT tligs TRY TZol
dF F dF Y
E +6 = ﬁtz Tl T TZ
Separating into components of t; and Tz leads to
dF V _
gs RTP1=0
dv . F _
ds "RT b, =0
For the moment equation
?w+m+rquh+Vn)-0
Expanding and writing in scalar form
M, m+V =10
ds
Summary
dF V
ds RP1=0
dV F
ds TRTP2 =0
dds +m+V =0
Note: F and V are coupled

1,5

ds

b

+ b,t, +b,t,

Vg g
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2.3 Force Displacement Relations : Curvilinear Coordinates

(u-BEt,

—>
2.3.1 Strains : Displacement components defined wrt the local frame (i, 1,)

Al(€) = (R-§)A8

AS:RAGQAG=%

BIE) = R-F

BI(E) = (1-5)as

0 = ut, + vt - EpY
aly
Y
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dl
- g
dl_(l—R)ds
g- 1 Q0
gds
(l_R)
00 = By Sy -ty Ty eBy, ey

— = =}, 4+ —
ds  R?2 ds! R

Separating t; and t, terms

Define

For most members & « R then

&
- [0

\Y) u
Yo ¥ -B+ 5

Also if the member is thin

_&
1-2 [0

SO

Then, the strain distribution reduces to a linear distribution over the cross-section.
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2.3.2 Stress Strain Relations

€ = é0+eo - 0 = E(e-¢,)

y:éT—»T:Gy

2.3.3 Force-Deformation Relations

F = IodA
M = I—EodA
V = ITdA

Substituting for the strains leads to

F = IE(e—so)dA :I lig(ea—ig—@—lfﬁo dA
R

- ILE%M_ I%%dA—I%ES—EdA— [Ee,0A
(1-3) (1-3) (1-3)
e[ —EdA-B. [ —E5—dA - [Ec,dA

PR

Similarly
2
_ EE EE
M = —eaj(l : dA+B,SI(1 E)dA+IEE£OdA
9 -
V= yf GE dA
(1-3)
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Geometric Relations

L:i:l.kizl.kli
1_§ R_E R_E Rl_§
R R
1 1, &
—dA = [dA+=[—=dA
Il_g ] RIl_g
A R A A R
Now
2
S B
1-S  1-S 1-5
R R R
10 & p o (Ean, 108
- l_gdA—IRdA+R2Il_§dA
A R A A R
Making
2
deAzjdA+j§dA+i £ A
1_§ R R2 1_§
A R A A A R
But

IEdA = 0if € is measured from the centroid of the section

A
Finally, one can write

2 :
deA = jdA+isz—dA = A+'—2
Al—g A RAl—é R

R R

where

We can use this expression to expand the force-deformation relations.
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Summarizing

where

F = DS€a+DSBB’s+Fo

M = DSBSa + DBB’S + Mo

V= Dry,
E
s = | dA
i-E
EE
o =
o8
G
= dA
(-3
2
DB:I—EE dA
o8

For the homogeneous case E and G are constant, and the above simplify to

Il

DS = EA+E—2
R

D = —EE

SB R

DB = EI'
I'

D; = GA+G—2
R

Additionally, for a thin curved member, one can neglect &/R wrt 1, obtaining the

simplified form

Ds = EA+ =)
R
El
Deg = —
SB R
Dg = El
D; = GA+ 2
R
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2.3.4 Example for a Rectangular Section

€ = [-S—da
I =
— L |d

q___
dA = bdE
d/2 2
r=f 0 2o
—d/21_§
b R
gL 32, (!
= '{“20@ +112(R) *
.
12

d d\"
andforR<1, (R) «1lforn>1

Summary of Equations

- pfdu_V dg
k= Ds(ds R) *Dsags *Fo
_ du_v dp
M= DSB(ds_R)JrDBderMO

vofsed

%/_/
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2.3.5 Flexibility Matrix - Circular Member

Note: kinto page

"\ B
_ = Vo, v
— B‘B/‘:;B, Ug nd Actions and displacements

referred to the local frame at B
Mg, Bg

Assumptions
1. “Thin” linear elastic member
2. Neglect stretching and transvers shear deformations. This is valid for non-
sha llow cases only

Ug Fg
Ug = |vg Fg = | Vg

Ps Mg
Ug = fgFp

Rz(g —2sinBg + lsineBcosGB) Rz(l - cosGB—lsinzeB) R(6g —sinBy)

2 2 2
f.o =
B Rz(l— cosGB—%sinzeB) RZ(GB—sinGBcoseB) R(1 - cosbg)
R(0g - sinBy) R(1 - cosbg) 05
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2.4 Cartesian Formulation - Governing Equations

Consider the case where the centroidal axis is defined by y = y(x). The independent
variable is x, the position coordinate on the x-axis. In the angular formulation, we
worked with displacement components and loads referred to the local curvilinear
frame defined by the unit vectors t; and t,. In this section, we are going to work with

quantities referred to the global cartesian reference frame. This approach was
originally suggested by Marguerre.

g b
Vol b a = g_s ~ ds = adx
k ' d d
. i _ay _ ay
X v ! sing ds adx
dx 1
cosy = & = C_X
y
S
»X, Ug

The above figure defines the “cartesian” notation. The distributed loading (b,, by, mg)
is defined with respect the the x and y directions and the loading per unit projected
length (dx). Similarly, the displacement components (ug, vg) are referred to the
cartesian global reference directions.
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2.4.1 Force Equilibrium Equations

b F+AF
y /‘>M+AM
0 dy

SF=0=F+AF+Ax(bi+bj)-F =0

AF s s
AT b,i+byj =0
then
aE. .
ax T b+byj =20
Knowing
F = (Fcosy —Vsin)i+ (Fsiny + Vcosy)j
we get
d%((Fcoqu—Vsian)? + (Fsing + Veosy)j) +b,i+bj = 0
Separating
d%(Fcosw—Vsianbe =0
d%(Fsian+Vc03Lp)+by =0
Similarly

™M, = 0 = —(Axi +Ayj) x (-F) + (M + AM = M + mAx) - %(Ax? + Ayj) x (b, +b,j)AX
Second order term goes to 0 in the limit Ax - 0
(AXi + Ayj) x ((Feosy - Vsinp)i + (Fsiny + Veosy)]) + (AM +m Ax)k = 0
(AX(Fsiny +Vcosy)-Ay(Fcosy — Vsiny) + AM +m Ax)k = 0

Fsing +Vcos¢—%§Fcosw —%Vsinw + AA—I\):I +tmy = 0

Fsing +Vcos¢—%§Fcosw - %ﬁVsian + %—I\):I tmy = 0

But
dy : 1
= asin cosy = =
dx v v a
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Then

FSinl_|J+VCOSl.|J—CXSinl.|JFClx—CXSinLIJVSinLIJ+dd—X tmy =0
.2 dM
\Y + V+=—+m, =
cosy + asin“y ix g 0

Multiply both sides by é

o gy + M) <
SlVeosy +asin“gV + i+ mg ) = 0

VCOSZl.|J + VsinZLp + édM

Therefore

d .
d—X(FCOSLp - Vsiny) + b,

1
o

1
o

d co
d—X(Fsqu +Vceosy) +b,

N, = Fcosy - Vsiny

N, Fsiny + Vcosy
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4.2 Deformation - Displacement Relations

e, = stretching deformation
e, = transverse shear deformation

3—)3(: cosy - ds = cg—sxtp
Vs
o)
_CJ*H%*)
X dx
do du, dv,. N
€1 = s 0, = COSLU(d—)fHﬁJ) [{cos Wi + sinyj)

du dv
e, = cosztpd—xq + siancoquﬁ

da dU N dV N . N s
e = 5 t,-p = cosw(ﬁHd—qu) [{-sinyi + cosyj) - B

du dv
e, = —sinwcoswﬁ + coszwﬁ -B

k = bending deformation = dag = coswdag

note: e; and e, are referred to the centroidal axes (s)
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2.4.3 Force Deformation Relations

2.4.3.1 Thin slightly curved member: use relations developed for the prismatic case

Assume
€ =¢
Yy =6
F = IE(el_el,o)dA = (e; -4, 4)Ds
A
D. = EdA
s= [,
V = [Ge,dA = e,Dy
A
Dy = | GdA
A

M = [E(e; -6y 0)EdA = [E(k—k)E°dA = (k—k;)[EE*dA
A A A

M = (k-k,)Dg
Dg = | EE°dA
A

Summarize as follows
F
e, = e, +—
1 1,0 DS
ey =V
2 DT
M
k = k. +—
0 DB

2.4.3.2 Thick Case (& # 0 wrt R): change in |, as a function of § must be considered

Use equations developed in section 2.3.3 with

e, = €
Yo = €
_dp
ds
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4.4 Approximate Formulation - Shallow Cartesian

- Shallow assumption L|J2 «l
Then cosy [T

sing CfAny I_%]g = Yoy

a=1 (ds [dk)
- Marguerre neglects V terms in the x equilibrium equation
N, = F
Ny = V+Fy,

So, resulting equations (shallow and Marguerre)

Equilibrium
dF
dx the=0

dv_d Q}Q _
dx+dx(Fd thy =0

d—M+V+m =0
dx

Deformation - Displacement

du dv
e, = —9+ W0 - ¢

dx dxdx a
dv
_ g _
e, = -RB =
2 dx B =Y
= 4B
dx
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For the Force-Displacement Relations, thin and thick should be considered separately

- Thin, Shallow, Marquerre

du, gydv
F = Ds(ﬁ+a§ﬁ)—Dse,o
D j EdA
A
d
v=o (%
= j GdA
A
M =D E@ Dgk,
Dy = [ EE"dA
A

- Thick, Shallow, Marguerre
_ , dydvg dg
= oG §g) v

dx dx SB{s

U, gydv d
dUg , dy9Y dp
DSB( ax T dx dx) *Deys

ds [di
M

=080
Dg = I(l—E/R)dA

_I(l E/R)
D; = jmdA

I (1- E/ R)
Boundary Conditions
in general, the B.C.’s are

ug or Ny

Vg or Ny prescribed at each end

BorM
for the Marguerre formulation

Ug or F

vgorVv+ y.«F ¢ prescribed at each end

BorM
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Example

AY

¥

o X H)K
Yo = alp = (ZL L

x goes from O to 1; then 2H/L provides a measure of y,, .
The maximum value of y, is 2H/L.

RCRC

using 6 = x

a={1+(y.)%3"

oH 2 1/2
129

Suppose H = L/10 then a,,,, = 1.02. Thus, it is reasonable to assume a is constant

and equal to 1. In general, when (y,x)2 is small wrt 1, one can simplify these

equations. This is what we call the “shallow cartesian formulation.” The resulting
approximate equations are:

1
a [T ﬁ Lyl
t, Ciky,,j t, [y, i+]
cosy [ sing [yl
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2.4.5 Shallow Cartesian Solution - Parabolic Geometry

EEEERERERY

VB, VB

Y

! o

Use Marguerre formulation, assume thin and shallow

bX:O,by:constant:b,mg:O

Y, = ax
atx =0 Ug = Vg = B = 0 (fixed support)
M = MB
Governing equations
Equilibrium
F,=0
vV, +(Fax),,+b =0
M, +V =0
Force Deformation (set Ug = U; Vg = V)
F
53 = U, taxv,,
V
b, = V7P
M _
DB - B’X
Boundary Conditions
atx = L atx =0
F = Npy u=v=p=0
V = NBy—aLF
M= M
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Solution for the internal forces
F,=0

V., + (Ngxax),, +b =0

V = —bx—(ax)Ngy + C,
Ngy—aLF = —bx - (ax)Ngy + C,
C, = Ngy +hL

V = —bx—(ax)Ngy + Ng, + bL

V = Ngy +b(L-x) - (ax)Npy
_ X2 X2 Y
M = NByX+b(LX—§)_(a§)NBX+C3
2 2
_ L L o
Mg = NgyL +b% —a=Na,+ C;
2 2
_ L°, L
C3 = Mg—NgyL —b=-+a=-Ng,
aN Ny
M = 2127~ 2 -x) + (L-X)Ney + Mg = Dy,

Solution for displacements
D e 9 L 3 + % L2 + X_ + L X_2 N + M + C

b 3
C, ==L
46
\Y
= — +
Vi, D, B
1l < x° X
vV = D_T{XNBerb(LX_E)_(aZ) BX}
2 3 4 2 2 4 2 2
1 (2x x* X aNBx(X X (x xl)— X —
+ — L'—-L=+=— ——L +—=]+|L=- Ngy + —Mp + +
DB{b462 2 V27 1 2 6Nyt pMe*Cs
C; =0
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_F
U,X—D—S—aXV,X
= 5-—(@(g-+8)
— ~ 4
Nexy 1 [ ax’- a’x>_ (aLx axz)
= + =L Nav+ E2Ngy + b - =2 + 22
. DSXDT{ZBV 3 NexthlmT
5 2 32 5 3 3
1 (zx X x) aNBx(X Xs) —( X xj ax
+ =l ap(LZ -2+ 4 L - ) +aNg (- L2 +2 )+ & Mgt +
B{aba g 30 "2 \3- "15/ " Ney 51+ Co

Set
Ugs Ngy
Bg Mg
Ug = Ug o+ Tpgla+ f5Fg
10-h
Tae={01L
001
_Ax = NAx,o_ NBx
NAy = NAy,o_ NBy
MA = I\_/IA, O_MB - LNBy + hNBX
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