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Applications of Queueing Theory

U Some familiar queues:

 Airport check-in

» Automated Teller Machines (ATMS)

 Fast food restaurants

* On hold on an 800 phone line

» Urban intersection

* Toll booths

 Aircraft in aholding pattern

» Cadllsto the police or to utility companies
U Level-of-service (LOS) standards

U Economic anaysesinvolving trade-offs among operating costs, capital
investments and LOS

U Queueing theory predicts various characteristics of waiting lines (or
gueues) such as average waiting time
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Queueing Models Can Be Essential in Analysis of Capital
Investments

Cost 4
Total cost
Optimal "\
F(J:OSt Cost of building the capacity
— Cost of losses due to waiting

>

“Optimal” capacity Capacity
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Strengths and Weaknesses of Queueing Theory

U Queueing models necessarily involve approximations and
simplification of reality

U Results give a sense of order of magnitude, of changes relative to
abaseline, of promising directions in which to move

U Closed-form results are essentially limited to “ steady state’
conditions and derived primarily (but not solely) for birth-and-
death systems and “phase” systems

U Some useful bounds for more general systems at steady state
U Numerical solutions are increasingly viable for dynamic systems
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Queueing Process and Queueing System
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Queueing network consisting of five queueing systems
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A Code for Queueing Models: A/B/m

Distribution of Queueing System
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U Some standard code |etters for 4 and B:
e M: Negative exponential (M stands for memoryless)
* D: Deterministic
* E,:kth-order Erlang distribution
e G: General distribution
U Model covered in this lecture: M/M/1
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Terminology and Notation

U State of system: number of customersin queueing system

U Queue length: number of customers waiting for service

U N(7) = number of customersin queueing system at time ¢

QP (7) = probability that N(7) isequal to n

U A,: mean arrival rate of new customer when N(¢) = n

U z,: mean (combined) service rate when N(z) = n

U Transient condition: state of system at ¢ depends on the state of the
system at t=0 or on ¢

U Steady state condition: system isindependent of initial state and ¢
Us: number of servers (parallel service channels)
QIf A, and the service rate per busy server are constant, then 4,=4, 1, =su

U Expected interarrival time = %

L 1
U Expected servicetime = u
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Quantities of Interest at Steady State

U Given:
e A=arriva rate

* 1= service rate per service channel (number of servers=1, inthis
lecture)
U Unknowns:

L = expected number of usersin queueing system

* L, = expected number of usersin queue

* W = expected time in queueing system per user (W = E(w))
* W, = expected waiting time in queue per user (W, = E(w,))

14 unknowns = We need 4 equations
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Little’'s Law

Number of A A(t): cumulative arrivals to the system
users C(2): cumulative service completions in the system

Time
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Relationships between L, L, W, and W,

d4unknowns: L, W, L, W,
U Need 4 equations. We have the following 3 equations:
o L =AW (Little'slaw)
s L, =W,
1
o V= Wq+ —
M

U If we know L (or any one of the four expected values), we can determine
the value of the other three

U The determination of L may be hard or easy depending on the type of
gueueing model at hand (i.e. M/M/1, M/M/s, €tc.)

QL= Z”Pn (P, : probability that » customersarein thesystem)
n=0
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Modeling Interarrival Time and Service Time

o T Interarrival (service) timerandom variable

ae™™ t>20

e Density function: 7. (¢) =
y S (@) {0 <0

o P[0ST <} =1-¢", E(T)=£, var(T):iz
a a

o Forsmal At, P{OST <At} =aAt (why?)

© xk
e =1l+x+) —
2

(—aAr)*

o P{OST<A}=1-¢“" =1-(1-aAr+) )
k=2
~aAt (for small Ar)
o Interarrival Time:a =A1; ServiceTime:a = u
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State Transition Diagram for M/M/1

] States:
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U Another way to represent it: State Transition Diagram
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Observing State Transition Diagram from Two Points

U From point 1:
ARy=uP,  (A+p)B = AR+ ub, (A+u)P, = AP, + ub,
2 A A A A 2 A
/—>
H H H H Iz H "
U From point 2:
ARy =B, AP, = pF, AP, = pib

2 A A A A 2 A
ol Rolll Dol > Wl Dol B2
i u U 7 7 u H
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Derivation of P, and P,

2 n
U Putting it all together: Pl:i}%, pz:(’lj B, - pn:(ﬂ] P
u u

U
. = L " 1
dSince ) p=1 = POZ(J =1 = PB= .
n=0 n=0 :u i(ﬂ)
n=0\ H
(1) & 1-p° 1
OLet p==, then (J =y p" =—— (- p<)
Zo H Zﬁ 1-p 1-p

U Therefore, B, =

=l-p and P, =p"(1-p)

0
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Derivation of L, W, Wq, and Lq

L=3 0, =3 np (- p) == )3 0" = (A= p)p Yo"
d (s d( 1
=(1—p)pdp[;p J=(1—p)pdp[1_pJ

2
=(1—p)p[ ! J L —A— A

1-p)2) A-p) 1-4 u-4
1-p)?) @-p) A u
.W:£: A lzi

A u-12 A u-a
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u o op=4 p p(u=2)
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Oquﬂqul-

w(u—2)  p(u—A)
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