Brief Notes #5
Functions of Random Variables and Vectors

(a) Functions of One Random Variable

* Problem:

Given the CDF of the random variable X, Fx{(x), and a deterministic function Y = g(x),
find the (derived) distribution of the random variable Y.

+ General solution:
Let Q= {x: g(x)<y}. Then:

F,(y)=P[Y sy]=P[xeQ ]= Ifx(x)dx
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. Sgeciallmses:
e Linear functions:
Y=g(x)=a+bx

Ifb>0:

b
Fo(y)=PlxeQ, ]= Fx( ”;—"J

d d y—-a) 1 y—a)
f - —F . ——
0 dy ') dy x( b ) b fx[ b

X(n=2=2; ={Xia+bxsy}=(—m.y“a]




Y b
y-2a)
. F I F. :
v(N)= { b J
1 y—a 1 y
f,(y)=——f - —f
Y(Y) T J [b| x(
Foranyb = 0;
y—a
()= [ )
Ibi
AL
Alhl=1
FA4l=0
ol .,
0 100 no 4
Hours
£15)
’U‘} _02(5 IIO)
- =2.2-0.024
0.2} /
£, (4)=0 £ls)=0
ol \
4] 100 no A
Hours

Example of linear transformation (b > 0): derived distributions, construction-cost illustration, C=
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10,000 + 100H. (a) Functional relationship between cost and time; (b) cumulative distribution function

of H, given, and C, derived; (c) probability density function of H, given, and C, derived.



¢ General monotonic (one-to-one) functions

» Monotonically increasing functions

Fy (y) = F [x(y)]

=TI () ’

® Monotonically decreasing functions

F,(y)=1-F,[x(y)]

£, ()= d’;‘yy’ £ [x()]
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A monotonically increasing one-
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Graphical interpretation of £ (y)= %;‘fx x).



Examples of Monotonic Transformations

Consider an exponential variable X ~ EX(A) with cumulative distribution function
Fx(x)=1-e™ x>0.

Exponential, Power and Log Functions

Exponential Functions
Suppose Y = eX, = X=InvY, y > 0. This is a monotonic increasing function, and

Fy (y) = Fx (x(y)) =1— e *INY —1_y=* This distribution is known as the (strict) Pareto
Distribution.

Power Functions
1

Suppose Y = X o , >0 = X=InY, y>0. This is a monotonic increasing function,

and Fy (y) = Fy (x(y)) = 1—e~ ™" . This distribution is known as the Weibull (Extreme
Type I11) Distribution.

Log Functions

Suppose Y =—-InX, = X=e" ¥

, —oo <y <oo. This is a monotonic decreasing function,

and Fy (y) = 1~ Fx (x(y)) = e . This distribution is known as the Gumbel (Extreme
Type I) Distribution.



(b) Functions of Two or More Random Variables
e Problem:

X
Given the JCDF of the random vector [Y} Fx v(x, y), and a deterministic function

Z =g(x, y), find the (gerived) distnbution of the random variable Z.

e General solution:
Let Q.= {x, y: g(x, y) < z}. Then:

F,(2) = PlZ<2)=P{(x,y) € Q)= [[ £ (x, y)dxdy
o,

» Special cases:

» Minimum/maximum functions i.e. Z = Min[X), X3, ..., X;] (e.g. minimum strength)
orZ =Max[X;, X, ..., Xu] (e.g. maximum load)
T R

e Z =Min[X;, X3, ..., Xu]. Forn=2,

F,(2)=P[Z < 2)= [[fy x (x,,x,)dx,dx, with Q, shown in the figure
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If X, and X; are independent:
[, [ £ x, (31,2035, = 1= By (2101 - F, ()]
Therefore,
F,(2)=1=[1-F, ()1 - Fy, (2)]
For n iid vaniables:
F,(z)=P[Z <2]=1-P[(X, > 2)n...n (X, >2)]
=1-[1-F @

or, with  Gx(x) =1-Fx(x),
Gz(z) =P[Z > z] = [Gx(D)]"

() =+ F, (@) =~ G, ()= G, @ 2)

o Z= MQX[X], D, TN Xn]

F,(2) = P[O (X, < z)] = Fiﬂ

z

= HFX; (z) (ifX's are independent)

=[F,@) and £,@)=0F, @] f(z) GFX's areiid)

» Linear transformations

Y =2 ax;




o Simplest case: Y =X; + Xz

Fo(y)=PIY <y)=Px, tx, <y]= [[fy x (x,,%,)dx,dx,

X Hx, <y

= de,f::fx'_xx(x,,xz)dx,

fy(Y)z[:’fx,,x,()"’xz,xz)dxz

T

If X, and X; are independent, then:

£, (1) =[ £,y ~x;)fx, (x;,)dx,  (convolution)

¢ Example: derivation of Gamma distribution

Consider Y = X, + X;, where X, and X; are iid exponential, with density:

Ae ™, x=0
fxi(x):{ 0,x<0 }

Then,



£y ()= [ Fly = x)f (x,)dx,

= Alye™ (Rayleigh or Gamma(2) distribution)

In general, for any n, the probability density of Y = X; + X; + ... + X, where the X;
a:_ iid expenential, 1s:

(Gamma(n) distribution)

y 2 0, where I'(n) = (n-1)!

Note: forn = 1, the Gamma distribution reduces to the exponential distribution.
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Gamma distributions G(k,7).





