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1.010 - Brief Notes # 5
Functions of Random Variables and Vectors

(a) Functions of One Random Variable

e Problem

Given the CDF of the random variable X, Fx(z), and a deterministic function ¥ = g(z), find the

(derived) distribution of the random variable Y.

e General Solution

Let Qy = {z : g(x) < y}. Then:

Fy(y) =PlY <y|=Plz € Qy| = fQY Ix(z)dz

Y
\:
e Special Cases
e Linear Functions
Y =g(z)=a+bx
If b > 0:
X(y) =155 Qv ={ria+br<y}= (—oo,y;a}

Fy(y) = Plz € Qy| = Fx <y ; a)
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Example of linear transformation (b > 0): derived distributions, construction-cost illostration, C = '
10,000 + 1004 (a) Functional relationship between cost and time; (b) comulative distribution function
of H, given, and C, derived; (c) probability density function of &, given, and C, derived.



e General monotonic (one-to-one) functions

e Monotonically increasing functions

Fy (y) = Fxlz(y)]

_ dFy(y) _ dz(y)
dy dy

Iy (y)

e Monotonically decreasing functions

Fy(y) =1 — Fx[z(y)]

fy(y) =

dz(y)| Fxlz )] A monotonically increasing one-
dy X1y to-onc function relating Y to X
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Graphical interpretation of f,(y)= %t‘x (x).



e Examples of Monotonic Transformations

Consider an exponential variable X ~ EX(A) with cumulative distribution function
Fx(x) = 1 — e ™ 2 > 0.

Exponential, Power and Log Functions

¢ Exponential Functions

Suppose Y = X = 1z = In(y),y

Fy(y) = Fx(z(y)) = 1 — e Mm@ = 1 — y=*. This distribution is known as the (strict)

Pareto Distribution.

Y

0. This is a monotonic increasing function, and

e Power Functions

Suppose Y = XV o > 0,= 2 = In(y),y > 0. This is a monotonic increasing function, and
Fy(y) = Fx(x(y)) = 1 — e ", This distribution is known as the Weibull (Extreme Type III)

Distribution.

¢ Log Functions

Suppose Y = —in(X),= = e ¥, —00 < y < co. This is a monotonic decreasing function, and
Fy(y) =1— Fx(x(y)) = e ". This distribution is known as the Gumbell (Extreme Type )

Distribution.



(b) Functions of Two or More Random Variables

e Problem

X
Given the JCDF of the random vector [Y , Fx y(x,y), and a deterministic function Z = g(z,y),

find the (derived) distribution of the random variable Z.

e General Solution

Let Qz = {z,y: g(x,y) < z}. Then:

Fz(z) = PZ < 2] = P(z,y) € Qz] = [, fx.v (z,y)dzdy

e Special Cases

e Minimum/maximum functions

ie. Z = Min[X1,X2,...,X,] (eg. minimum strength)
or Z = Max[X;,Xa,...,X,] (eg. maximum load)

o 7 = Min[Xy,Xs,...,X,]. Forn=2,

Fy(z)=P[Z <z]= /Q fxy.x, (21, x2)dx1drs,  With Qz shown in figure
zZ
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If X; and X5 are independent:

[0 day [° fxy xo (w1, wa)dg = [1 = Fx, (2)][1 = Fx, ()]

Therefore,

Fz(z) = 1= [1 - Fx,(2)][1 = Fx,(2)]

For n iid variables:
Fy(2) =PlZ<2]=1—P[(X,>2)N...0 (X, > 2)]
=1-[1-Fx(2)]"
or, with Gx(z) =1 — Fx(x),

Gz(2) = PlZ > z] = [Gx(2)]"

fale) = S F2(2) = - Ga(z) = nlGx ()" fx (2)

o /= MCLCC[Xl,XQ,...,Xn]

:FX

Fz(z) =P

X < 2)
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z

= H Fx,(z) (if X;’s are independent)

=[Fx(2)]" and  fz(z) = n[Fa(2)]" ' fx(2) (if Xi’s are iid)

e Linear transformations

Y = Zaixi



e Simplest case: Y = X; + X

Fy(y) = PY <] = Play + 22 < 3] = / fx % (1, 22)d1 s

z1+a2<y
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If X; and X5 are independent, then:

= [7 fx,(y — x2) fx, (x2)dxs  (convolution)

e Example: Derivation of Gamma distribution

Consider Y = X; + X5, where X; and X5 are iid exponential , with density:

e, x>0
fx, =
0, z <0



friy) = /0 " fxly — a0) fx (o) day

= Mye ™  (Rayleigh or Gamma (2) distribution)

In general, for any n, the probability density of Y = X; + X5 + ...+ X,,, where X; are

iid exponential, is:

AQg)" e

fr(y) = T(n) )

y >0, where I'(n) = (n — 1)!

(Gamma(n) distribution)

Note: For n = 1, the Gamma distribution reduces to the exponential distribution.
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