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10.675 LECTURE 7 

RICK RAJTER 

1. Today 

→ Meaning of HF Eigenvalues (Koopman’s Thereom). 
→ Restricted HF (Roothan Equations). 

Basis Sets → 
→ Orthoganalization 
→ SCF procedure 

2. Error Evaluation 

Reminder, �a’s are positive, �r’s are negative. 
Δ = true energy ­ approximation 

Approximation Energy Δ Energy Δ 
Frozen Orbitals (shell shifts) �a − �r −

No electron correlation (repulsion) �a + �r −
No Geometry Relaxation (sp3 to sp2) �a − �r − 

Note, the errors in the ”no electron” correlation cancel out. 

3. ”Restricted” (closed­shell paired electrons) 

HF: The Roothan Equations. 
Ψi(�r)α(ω)

Integrate out the degree’s of freedom. χ(�x) = 
Ψj(�r)β(ω) 

f(� x) = �iχi(� x)Ψj(�r)α(ω1) = �jΨj(�r)α(ω1)x)χi(� x) = f(�
solve for spin β 
[ dwqα(w1)f(�x)α(w1)]Ψj(�r) = �jΨi(�r) 

x1) = h(�r) 
�N � 

dx2χ
∗ x2)r−1(1 − P12)χ2(�Plugin f(� 1(� x2)�N �N/2 + 

�N/2 
c 1 

c → cα cβ 

f(�r1)Ψj(�r) = h(�r1)Ψj(�r1) + �N/2 
dw1dw2dr2α

∗(w1)Ψ∗ 
1(r2)α∗(w2)r−1Ψi(r2)α(w2)alpha(w1)Ψj(r1)+C 12 

Exchange terms 
Cancel out orthogonal terms. 

f(1) = h(1) + 
�N/2[2Ja(1) − Ka(1)]a⇒

fΨj(�r1) = �jΨj(�r1)

Meaning only spatial orbitals are left after integrating.
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2 RICK RAJTER 

4. Basis Set 

Functions are not necessarily orthonormal.�kΨi µ=1 Cµφmu 

i = 1, 2, 3, 4, ...k 
Where Ψi is the spatial vector, and φ is the trial expansion. 

5. Roothan Equations 

¯̄ ¯̄ ¯̄ ¯̄¯̄FC = SC� 
Where �̄̄ is the diagonal set. 

2Density Matrix ρ(�r) = 2 
�N/2 |Ψ1(�r)

= 2 
�N/2 � 

C∗ φ∗ r) µ

a 

Cµo 
φµ(r)

|
r(�� a ν vo 

= µν 2( 
�N/2 

CµCnu)φµ(�r)φ∗ 
ν(�r)a 

= µν Pµνφµ(�r)φ∗ r) 
¯̄ ¯̄ ¯̄

ν(�
Pµν is the density matrix P F (P )� � ⇒
f ν Cνi

φν = �i Cvi
φi 

Multiply by * and integrate. � 
dr1φ

∗ fφν = � dr1φ
∗ ⇒ ν µ � ν Cvi νφµ


The first term ( dr1φ
∗ fφν) is the Fµν ”Fock” matrix. The second term
µ

(dr1φ
∗ 
νφµ) is the Sµν overlap matrix. 

6. Solving Roothan Equations 

Solve self consistently through basis set orthogonalization. 
drφ∗ 

µ(r)φν(r) = Sµν

¯
¯We want a transformation matrix X that will orthogonalize S such that 

φ� = µ φνµ 

µ = 1, 2, 3, 4, ...k 
drφ∗ �ν(r)φν(r) = δµν 

dr[ x∗ φ∗ 
λ(r)][ χσφσ(r)]σδµν� 

= � x� λµ

= χ∗ 
λ σ λµ ... 

¯̄ ¯̄ ¯̄ ¯̄X + SX = 1 with many possible choices of X 
¯̄ ¯̄ ¯̄ ¯̄ ¯̄ ¯̄X = S−1/2 S−1/2S ̄̄S−1/2 = S−1/2S̄̄1/2 = S0 = 1 
¯̄ ¯̄ ¯̄ ¯̄¯̄

⇒ 
¯̄ ¯̄ ¯̄ ¯̄ ¯̄ ¯̄ ¯̄ ¯̄ ¯̄ ¯̄FC = SC� let C = XC �FXC � = SXC �� 

¯̄ ¯̄ ¯̄ ¯̄ ¯̄ ¯̄ ¯̄ ¯̄Multiply by X∗ so F �X∗FX then F �C � = C ¯̄� 
Transform to real C’s. 

7. SCF ­ Self Consistent Field Procedure 

1) Specify System: Nuclear positions (�rk’s), Atomic #’s (Zk’s), # electrons N, 
”basis set” (φµ) 
2) Calculate Sµν , Hµν = drφ∗ hφν , and (µν, λσ)µ

¯̄ ¯̄ ¯̄3) Diaganolize S X = S−1/2 

¯̄
⇒

4) Guess P (density matrix)
¯̄5) Calculate F (fock matrix)

¯̄ ¯̄ ¯̄ ¯̄6) F � = X∗FX 
¯̄ ¯̄7) Diagonalize F � C �and�̄̄

¯̄ ¯̄ ¯̄
⇒

8) C = XC � 
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9) Calculate a new ¯̄P from ¯̄C 
10) Converged? Yes, done. No, goto step 5. 


