10.675 LECTURE 6

RICK RAJTER

1. TobpAY

— Variational Principle
— Derive HF (Hartree-Fock) Equations
— Interpretation of Solutions to HF equations

2. VARIATIONAL PRINCIPLE

Idea: The closer our guess of C;’s of W4, the lower our energy.
P = trial function

E[®] =< ®|H|D >

Functional Definition : maps functions to numbers

3. FUNCTIONAL VARIATION

vary ® — @ + 6P

substitute in and solve

E[®+60] =< & + 6|H | + 6O >

expand this via linear first order term.

E[® 4 §®] = E[®]+ < §O|H|® > + < ®|H|6® > + higher order terms.
E[® + 6®] = E[®] + 0E

Trying to approach the true solution such that H|® >= E|® >= §E =0
Normally, E will always be a min, so we don’t have to worry about local/global
max solutions.

There exists and infinite number of solutions.

H|®, >= E,|®, >

a=0,1,2..

E,< FEi < Es...

H is hermitian

H = H' and E,’s arc real

®,, ’s are orthonormal.

< éa|éﬁ >= 5043

< (i)a|H‘<I~)g >= Ea5a5

4. EXPANSION

Expand trial wave function ® in terms of the eigenstates ®.
@ >=3", Col®, >

D >=3, [Py >< D,|P >

< @ =305 <,
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<®| =3, < 0D, >< D,

<OP>=1=, < OB, >< Dy |0 >=3_ | < Dy |D > |?

and

<OH|D >=3" 5 < Do >< Du|H|Pp >< p|® >= 3" Fu| < 0@ > |2
b|H|P Eo|<®o|d>|? Eo|Cal?

Elo] = ST = Rt = R 2 B

Use variational principle to derive HF equations given the determinant

[Wo >= X1, X2X3, .- XN >

E, =< V,|H||Psi, >= E,[{Xa}]

Minimize with respect to x,’s functions w/constraint of x,’s being orthonormal.

Jdix;(1)xp(1) = [alb] = dap
5. LAGRANGE METHOD OF UNDETERMINED MULTIPLIERS

Li{xa}] = Bol{xa}] = Xaly Stey €ab([alb] — dap)

Where €, are the undetermined multipliers.
5L
=0

vary: Xa — Xa + 0Xa

SL=06E, — YN SV eadlalb] = 0

dlalh] = [oxalo] + [Xaldxa)

6Eo = Za:q(an‘hb(a} + [Xa|h|5Xa]

+3 20 2 ([6XaxalXoxs] + [XadXalxbXb] + [XaXalOXbX0] + [XaXalX60X5])

+3 Zj)va S5 ([0xaxblxbXal + [XaOXblX0Xa) + [XaXbl0XbXa] + [XaXb|X00Xa])

=30 = [0xalhlxa] + 22, 22 ([0xachialxoxs] — [0XaXblXbXa])+ the complex
conjugate terms.

6L =0 =37 [0xalllxa] + X apldXaXalXexs] = [OXaXslXbXa] = 3 |abealdxal = xb]+
the complex conjugate terms.

0L = Y00 [ dwdxa(D)[A(1)x)a(1)+ 35 (J(1) = Kp(1)xa(1) = 5o esaxn(1)] =0
+ Complex conjugate terms.

6. CONTINUED...

A1) + X0 Jo(1) = Kp(Dxa(1) = 33 €anx(1)

”Canonical Form” via unitary transformation to diaganolize f|x, >= €|x, >
Canonical HF equations.

€a =< XalfIXa >=< Xall + 22, (o — Kb)|Xa >

=< alhla >+, < ablab]— < ablba >

=<alhla >+, < ab||ab > where |a >’s are occupied spin orbitals

er =< rlh|r >+, <rb||[rb > where |r >’s are ”virtual” spin orbitals

SN =N <alhla >+ N 2N < abllab >

E, 2N <alhla > +1/2 3 < abllab ># SN e,

because of the coefficients on the double summation.

Example: ¢, includes interactions with all other orbitals, as does €, so they are
being double counted in SCF.

7. SIGNIFICANCE OF ORBITAL ENERGIES (KOOPMAN’S THEREOM)

EN =% <alhla>+1/23, >, < abl|ab >
when you take out one electron
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EN-lL =%  .<alhla>+1/2>, S < abllab>
Ionization potential = EN~-1 — BV

=—<clhle > -1/23%, < acllac > —1/2%", < cb||cb >

= — <clhle > =), <cb|[cb >= e,

"Electron Affinity” = E4 = EY — EN*1 = ¢, = the energy of the system with an
additional electron in the virtual levels.

This is the "frozen” orbital approximation.
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