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Hamiltonian dynamics and
neural networks
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Symmetric network

« Equivalent if p=b+Wx
X+x=f@+W@)

x+x=f(p)
p+p=b+Wf(b+Wx)



p=b+WXxls an invariant
manifold

(1+dit)(b+Wx—p)=b+W(x+x)-(p+p)

=b+Wf(p)-b-Wf(b+Wx)
=W[f(p)=f(b+Wx)]



Hamiltonian form

H = 1TF(p)— p'x+1"F(x)
~b'x-1"Fb+Wwx)+1" F(x)
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Energy dissipation
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Antisymmetric networks

* Equivalent if p=b+Ax
x = f(b+ Ax)



p=b+Ax iIs an invariant
manifold

Z(b+ Ax-p)= Ak - p

= A[f(p)- f(b+ Ax)]



Hamiltonian form

H=1F(p)+1 F(b+ Ax)
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Excitatory-inhibitory networks

conjugate Variablei* —
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Phase space dynamics

‘l:x)'c+x=f(px) (r+i)(u+Ax—By—px)=O

phase space dt
d

(5y.pop) ryy'+y=g(py) (r+E)(V+BTx—Cy—py)=O

attractive p. =u+ Ax — By
Invariant

— r _
manifold =v+bB x-Cy

v
state space T+ x = f(u+ Ax - By)
(x.y) T, y+y= g(v +B'x - Cy)



Hamiltonian form

H=1®(p,x)+ t;ll“(py,y) +rS(x,y)
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px=—E+Ax By - (r +r)[f 7,4+ x) - f‘l(x)]

X =

py=—%+Bx Cy - 1: —r[glry+y)—g"1(y)]

+2ryT(v +B'x-Cy- py)



