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LEcTuRe * {1

KINEMATICS oF RiGID BRoDiES

e TNERTIA MATRIX AND QY HRDIc

-
s M CALCUVLATION , T CALCULATION

o PUNCIPAL AXES AND RoTATIONS




R\G\D BoDY DYNAMICS

o TWo ComPoNENTS -To RGw B00Y MoTiew:

- g <
TRANSLAT (oNAL F = Mlcm
Sz

QothTioNAL A< 4

- DECOOPLE  PROVWOED F IND oF ReTATIon
ANO M IND oF TRANSLATIoN.

+ CAN TREAT TME CoMPLEX MoTwoN of A
SYsTEM  AS &k

® PoWT misS MoVNG AS THE CENTERoF MASS

+
@ 800y ROWTION ABoUT THE CENTER

oF  MASS.

»  RLREADY STu0E) cAsSE () TN (ePTH
3> CONSWER CaseE () FoR GENERAL
30  MoTieN.
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¢ Quick REVIEW

~ ANGULAR MIMENTUM of AR PARTicLE | ABouT
THE  CENTER oF MASS TS  EQUAL T THE
MIMENT oF THE  PARTICLE’'S LWEAR MOMENTUM
PRVT TME  C.oM. ((woT nECESSARY, BUT SIMPLIFIES),

o > - BodY
LockTion reSoLvTE
ofF PART\CLE VE LocTY
wRT C.o.Mm, of PART\CHE 1

e FoR  R&\D Lo)Y WITH CoNTIvVOVUS MASS DISTRIBUTION

ZW\KT\CLE m;'g-.-, {nﬂss dm  of smuz_§
VoLUME 4V

m: dm

TN @

& USE  TARANSPORT THEoOREM
- -3

- - r_
Ve, + WX
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WBST\TVTE T &ET:
- - - -
ﬁgerVuMAM +frx(€i'x")o\M
é &

0

S\WNCE  Veom CONSTANT

AND of\GIN oF T Ts
C.0.M.

- ?\=f3?x(§x?)dm
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TNERT\A  DEFINITIONS

» EXPANSwoN oF THE INERT:A
- R®  REF POINT AT odRIGIN OF CARTESIAN
CooRDINATE  SYSTEM
- -t 2 -a
- VYoLume ElLEMe~nT AT F= Xi+y;+zKkK
-~  ANGULAR VELoCTY oF B8o0Y IN TERMS of

CARTES AN  COMPONENTS :

= 'y < =
W= Wet +Wyj + WzK

-
> now ExPANd  Tx(wxF)

WAT = 3 3 [ (Zwy-ywe) d

Se Wy e T (0, - 20,)]

X Y r 4 *(‘5“*, 1w~,)'|2

So | > - 3 \
tx (2xf) < ‘ J K
% Y z
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e DERINE THE MoMenNTS of INERTIA #AS:
Tux = L(‘Jz“'zz)o\m 5I*Y" Tye = - /xydm
B

1:5\3 = f&()(l'\‘z.,') AM ) IK'L' Iz_* > “AXZAM

In - I‘e()("""b‘) dwm j I‘['L‘ Iz~l ="/;YZJN

. THEN u=[ Tx(d«F )dm
8

-
-
+ [IY* !,.)* + Is'\' Nul + I‘l'z wzjj
Y
+[I'L$ ‘Jx + Iz‘l NY + I wz] K

= Hg?"'“y-j"' Ha K

« FINBING T,y T,z Tuy ... REQUIRES MANY

TR\PLE TNTEGRALS
MATRIX NoTATION:®

—-“i—‘ T sx Irc( Txz A Wy
Ty Tw Ty Wy
P | Tzx Ty Te LY

> =N
<,
0

&

s TReRTIA MATRIX
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TYheh ExAMPLE @ BoX (axbrxc)

.I)(.L = % (bz-\' sz

3 a
|
,'l o
e FIND T,y AT Com
VA
Tan= f (*+2%) dm - ff (’(‘3 +22) AXJso\Z
';_“-'k "Alz
ez L
- a[ ‘AZ&[ LI | :l
T [‘ch k 3
|
“[( ~€lz ( %) g:]
V}_‘."_E ( V24 ) Mcra\m
\2

o MANY OoTHER EXAMPLES TN THE TEXTA00KS.
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KEY PnNTS:

v FoR  PLANAR  BoOlES wWITH oRIGIN TN THE
PLANE (xY) T = Ly
Ty, = Ly v+ Ly

=0

2) FoR  3-p BodIES WITH A PLANE ofF
SYMMETRY , THE  CRoSS MOMENTS of TINEATIA
RcRoSS TUE  PLANE AReE Z€eko
- fPANE oF sSYMMETRY  X-Y

2 Tuz = Lyz=o0
- “MASS eVENLY OWSTRIBUTED ON  BoTH
S\0es oF TE PALANE

3) TF FURTRERMORE , eNE oF THE COORDINATE
fXES TS THE SYMMETRY Ans of A BodY
of ReUnLUTioN, THEN ALL CReSS MOMENTS oF
INeERTIA  RRE ZERo.
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TRANSLATioA) oF CooRDINATES

. oFTEN HAVE THE TneRTIAS ABouT onNE
SET oF AXES Aud NEED TIT ABouT
A SEconD SET °

-~ PARALLEL To FIRST

- oFFSET (%2~ | @Av
™ a
ke 804 %o e
v/ 3
\l= Y' + \’c. ' x
7 =272'+7Z,

s ResulT Ts THE PARRALLEL AXS THM,

2
Ty = Twg + ™4

WWERE 6 TS THE D\STANCE RerTweEd
d GWEN PRIMED AND UNPRIMED AXIS

¢ Te Tee +om(y0+2d)

Tyy = I‘I’Y' + M (Xc“ + Z: )
Tez = Tpr + M ( ’(: + \I:\
I*Y c I*"l' - M Xc‘lé ', Ixz = IX'Z, - M Xczc

Ty= Tyz = M¥eZ
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RoTATIon OF CooRODINATES.

on  10-38 TINTRODVCED TUE  TANehTIA MATRIX

~ .
Te=| Tae Im Txz

L I‘l\( I'I:( TL22 ]

*
R THE XY-Z  CooRDINATE SYSEM (F1)
(oR\GW AT C.oM)
WHAT TF We HAVE A  S€Econd FRAME (F2)

X'-¥'-Z' (SAME ORIGIN) THAT TS REACHED
FRoM THE FIRST THRouGH A GENERAL

RoTATION R, (SEE  2-1)
y' P Fx™ RecALL THAT
t = - T
) Y Rar = Ry
2! L-z

TN FR&ME A H =T, W,

GWEN W, , FIND Wo= Ray H,
" U\ M wt = RZ\ wl |

T, « RuT,Ra

-1
. “z_c Iz Wa =) Rz‘ “‘ =) Rz\ I, l)| = R1|I| kz. w;_
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¢« se To ReTATE TUE  INeRTA MA‘TRIX)
VE NEED To PRe- AND PoST- MuTIPLY

&y R
Iz = P\’u I, K-z:r

I\ - Q'LT IZ. £z|

EXAMPLE : Rop ATTACH To SHAFT sSPiNS AT
-

RRTE L, Fp H TN TWERTAL
FRAME CooROINATES.

~

L o
'}; -/;M,L
KEY PoinT: TNERTIAS z \ e
, 7 )%, 4
EdsY To FIND USING /
'\; CooR D INATES *
I Ll ML‘ o] [ o
= I = WM T, = ML o o
Roo=| c& s& o
-4 ck ©
o ° \
r . tswbd -sm&cosd o
IL‘ k‘r\ I R = ML | cond sid cod & 0

12 . o ‘
Y ~swk cosh
) H= _M_.L———- CoS™ &

o
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PUNCIPAL AXEs oF TNeRTIA

TN GENERAL THE TNERTIA MATRIX Is FuLwy
PoPU LATED
5> BuT CAN ALWAYS FINp A NEW FRAME

(KE\‘%CHEO RY @A \QoTA-TloN) FoR  WHIcH
TUE TNERTIA MATRIX TS 0DAGoNAL

-~ )
T = T'c| T o o
o Lyy o

| o o Lz |

- T, Ty Tpe CALLED  PRINCIPAL MOMENTS

-—

L4

oF TNERTIA
*'¥'Z' CcALLED PRiNCIPAL AXES

DifiGonAL. T  MAKES TUINGsS MucH EASIER:

l‘\ftw » H*‘JI‘* w*} ‘H.(:-' IW(JY}...

3
. 2
TedwIw » TeiZ Tyw
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o GREAT, 8UT Uow FInND

TUESE  PRINCIPAL Axes’

D E\GENVALVE PROBLEM,

» GWEN SYMMETR\c MATR\X f] (2x3)

FND  EIGENVALVES A; An0  El1GenvVECToRS v,
T V'll‘\
Av: = AV, }:\',,,l3 Vi V; = 0 "
A, 00
o lv, vov]-lnov wlll N
o 0 A;
oR AV = VA
> f= VAV BUT GUWEN MOPERTIES

V: . N7 ey

OF ;)

A VAT C A= VTRY

!

> VU AcTs As R RoTATiod MATRIX oN N
YIELOING A Di1AGoNtL A

*GweNn I, PERFORM  EV, Ev PDECOMPos\TION
To OBTAIN - EIGEAVALVES (Tg Tyy,TZ)
- EIGENVECTORS ( RoTATION MATRIX)
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1 4

TR THE PRiNCIPAL AXES , TUE INERTIA
MATRIX TS  DlAGoNAL

> CoULD TuST ConsSIDER THE BodY
Now AS THE EQOWALENT | BuT

SIMPLER, SHAPE THAT Gues THE

PRINCAPR L
SAME n MOMENTS of TNERTA (Aup MASS)

y

?

2 " PoTATo _
5

z 14
Ellipsoid

B
8
o
[

Il

Py
I
AW A3 vl§ e

—
2

I:.

Il

b* + ¢

@+ ¢

el
~
f
+
s
O
S’

SAME PRINC\PAL MoMmeENTS oOF TINERTIA
AND MASSES = Two Bodles ARE

DYNEMICALLY EQU\VALENT.

-3
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DYADIC NoTATION

COULD WORK WITH THE MATRIX NoTATION,
gut TS TS A BT QUMY WHEN

WING TME O0OERWATIVES

2 MRE CNVENIENT T USE VECToR
NoTATwoN

oK, BuT How Do we WRITE ﬁ TN Tegms

of THE INERTIAS AND ANGULAR VELoaTy?

= NEel 76 INTRoDUCE AR NEW ENTITY
CALLED THE TANERTIA OYADIC T

S 2 - 3 - 3 -
H:( Cx(nayr)am = H= LW
8
cAN ALSo SHow THAT :
N - - 3 -
T:J—-NOH = %N'I"“‘

2
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. EVERYTHING Yoo NEED To KNow ABouT DYADCS,

= FoR Now,

. Let A, B8 B 2VeEcToRS  Tyed THER

DoT  PRoDUCT Ts A ScALAR.

A8 =(a,7\‘+ q\,3+qz-)2)-(b,":+ (n,j"'(r‘i)

= a,((r* + aylry “'Clz(r1

WRY U = PRoBARLY NEVER THwGMT ABouT IT

- BUT TME RULES #RE: Tle 1
-;‘o:ja:'-o
?'250

- -
e
t«

‘."-“-\l-z
)1k

S5 So oMY THE N

ARe nNoN-ZERo,
I

v & DYAD IS LMKE A SEcowd oRIER VECToR
- Dot PRoDuUCT ofF A Dvyad AND A VECTR

TS ST A VECTOR,
£6G. WWL GET TERMS LUKE: f .@
-> - -
Tae it o (g e wyiruk)

-

!
- \ 5\NCE -
= Tux Wy ! .
|



HW

\0-5
Se, CAvV SHow THAT THE  TNERTIA 0Ya0
1s ofF TME FoRM

e Ty 3% 4 Ty ij + Lez ik

-

¥ Tyeai Twij + Tyl

i

& =

¥ T, %l + Tey k) + Tex K

X

Tw,Tez,... B ogFwgd  MRevwusty. (1-4)

) ’“-\\)S, ﬁ: i':\: i(Ixt\A’g""Ix\[(A,y“'Iv.zwz)

+ j (I\’* Wy + Tyy Ny""IYz""z)

+\2(sz wy ¥ Tay Wy "'Iu“l)

-
P 3
. RRM FoA T ARISES BECAUSE You cAn SHow (10-6)

1=f6{_(:.a‘\3- ¢ ] e ’

2T Ty -\Z-\f: ot O0NADWC
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= LooK

5 Tx(@xf)- (FF)W-(F-8)F
- (F-F)e - F(RD)
C(FR)n- RED
s a0 s
- @Y DeFIMiTIoN - !;33 ﬁl-:) 56573+335+ \ék

MoRE DETAILS oA OYADIC NoTATioN

ONAOe NOTATwoN -  MoTwWATION

f\‘( TR(WXF)dm
8

AT THE InTEGRAND: Tx(DxT)

USE TE VECToR TRPLE fRopucT

(Ax (Bx3)) & (A.2)B - (& -8)C
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KINETic ENERGY

e SHOWED THAT TeTAL KINETIC ENERGY RR ff SYSTEM
of N PARTICLES -
Loyt a4 b s=|*
T=gmVe + 7 Z 'M‘\S-. \

=1

Vo = SPEED of C.om,

Y TR
f..z" VELoaTY OF I ARTILE  WRT C.oM,

e FoR 4 RG\Y odY , ONLY ALLOWED MsTioN WRT C.oM
ARE DUE To ROTATIONS: P >

AL A MO AN YR

o
H

W
il.

b8

“—

e DEFINE Toor =% 2 ‘

Com
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EXamMPLE :  RIGLD BsDY MoTioN

4w 35%

e UN\FodM O\sc RADvs

™ # AANE

MASS m  Roels DownA)
RAMP W[o SLIPAING.
. M=HZ

B TN PAGE. (2 DRecTen)

-
DOVE  To SYMHETR"’ Z A
pRANCIPAL  AXIS

2 '\:\ AND -\-_-‘1:

» TAXE Ref PoWT AT O

% MOMENT oF INeRTIfR T,-

Hz_" I’é ) i\: e I, 5

» FBD < fl\’ = Fr 24 F= t
» SUM FoRCES ALen G RAMP

MSS!Md Y %Mré )

ARE YPARRLLEL

F
‘\ O
N/’
gﬂl
2
= mr
Mré

mg SIN & - F- mre

'és_?_-_gswo(

3 r
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» ALTERNATWE : LAGRANGE

V= -—ma(re SIN o) HEIGHT fowa FRoM Tof
L=T-V= 3 mrie" » Mg e sw
3

a -a—l-——)- }—MF"é

T\ Dé oL
L 06 z a (?_Ey - ok
* Ak \ 9 IY
é—‘: = Mﬁf‘ SINO( .
o0 - 2 mrie - mgrsm
2z

"’":2‘— SI8 %
> & 3.?;1




