LEcTuRE & |2

R\G\D Ro0Y O0YNAAICS

T

xi*

-
e  IMPL\CATIONS oF M=

o GENERAL RoTATONAL Jysmmics
- EULER'S EQVATION of HMoTioN

. ToRQRVE FREE sSPec AL CASES.

PRAMARY LESSONS:
- 30 RoTATWNAL MOTIoN MUCH MoRE ComPLEY
THAN  PLaNAaR  (20)

- EVLER’'S E.oM.  PRoNIDE STARTING
PounT FoR  ALL  Ale + sfc OWwAMIcs

- SOLUTIONS Tp €VULEA'S ERVATIONS RRE

CoMfLER, BUT WE CAN QeVELOP GeoD
GEDMETRIC VISUALIZATION TooLs.



) - led-l
e Now cAv DEVELoP THE FuLL SeET ofF

RoTAT lonAL ONNAMICS
TRINSPoRT
- RN 28 - < THm
M= H T = H + WX H

/

ANGULAR vebkoaTY  of
BoDY URT INEATIAL,

b: DeENCTES Ro)Y
FRAME.

¢ pNow WE HASSUME  THAT WE ARE USIG A FRAME
FoR THE Bo0y THAT TS CENTERED AT

THE CENTER oF MASS  AND  FuxED To THE BodY

2
= I =0 TNERTIA VALUES Fwxeo.
. .AB_ & 2 4 < .
Lobs A(za). 1000
at '.h"'l( ot
N . N . VECTORS OF
RecmL , IF W= WeitWy)+ weK BodYy FRAME
¢ - . Y -
Then OB, 0,7 Fuy) + Rk
e SUMMARY :

Aot Iouts wx (T2

- GENERAL CoRM oF RoTATIONAL DYNAMICS.



. TF WE Now USE THE BelY FRAME, cAN
WRITE THESE Tn  MmATRix FoRM :

. X
Mg = Lgwgt Wa T8 Wg

lg-= [ Tu Ly Tez |
1w I\,\, Ty

| Tax T2y Taz

GERY  ComPLEX FoR  FOLL Te

5 swmPLFIES IF we AssUME THAT BolY
FRAME. AUIGNED wW\TH PRINCGIPAL AXES.

97 IB - I\(! ° ()
o Tyy o
0 (o) I'lZ

REQUCES To EULER'S EQUATWANS of MUTION:

) T, © o—\ Sy | 0 ~wz Wy [ Tu Wy |

2] o Twy o || [ +]|%2 © W ]| Twywy

o © I Uz_ Wy Wy O Ip W2
- JL L J -

r—Iu ‘bx + (Izz" Iw)ww""z—‘

"

Ty Wy + ((Tax- Lrz) WxWaz

LI’“ v, + (T-W‘ Ixx) "’x”VJ
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e EULER'S ERQUATIONS

-~ NosLWEAR CNPLED’ Few ANALYTIC SoLuTions,

o TNPicALLY TWO PRoBLEMS of TINTEREST:
O GWEN M, WHAT Is TME RESPoNSE
oF THE SNSTEM [ GWEN A MOTION, WHAT
wsT @ 8e 1)

@ TN T™E ABSence ofF K ( ToRQUE FREE)
VWHAT  Woutd THE MOT1oN oF THE
godY ge !

@“er\\)EN MOTIon | FinD m" TS RELATWELY SIMALE,

Moch WARIER TME omeR way ((Gwes A, Fwo )
- REQUIRES SoUTION OF THE CoufLED NoNLINEAR
EQuATINS - FEW ANRLFIC  ANSWERS.

ExAMPLE L) Ensiy Done NUMERICALLY
H Ex

@ cAn  GuEe A LOT oF GEOMETRIC TNSIGHTS
INTp WHAT TYPES oF MoTioNS ocouk.

- WMENTUM + ENERGY ELLIfSous.
= ToRQUE FREE ' MeTioN  oNLY,
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EXAMPLE : BEER + ToHNSTon  18.67

- SMAET WE'GHS 16-I\Ir
- RoTAtes AT ConNsTANT RATE
W= 2 RAD[sec

= FWN) ReEACTIONS AT
Po\NTS A8,

_SoLuTieN s = Fix FRAME XY'z! aT cCom. 6"

WHICH ROTATES wiTH  THE FRAME.

+ usE PTG AND  FRAME x¥'z' CAN
CALCOLATE TE  TINERTIAS:

2
Is= O mat . Tyyr =0 Tyz' = 2M4 g o

~ )
-~ CAN ¢cALculLATE THE REST , vt TS IS ALL

WE MF,EO, SINCE

[ — - [~
(T, 3 Ta [ T W

;ﬁ"@@o

T B ® 4 L J

-f S e

He = LeWe =

U]
o

‘e epsd see AT He W0 Ve
™NPicAL oF 30 RoTATIoNs

ARE NoT ALWGNED o
— —_— gur RARELY SEEN IN
PLANAR  PROBLEMS
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e To FND REACTINS , NEED To FinD Mg
. ser o 0D oL WL+ we
MG— HQ_ = % G HG—
4

- - r .
Me = ) 0 0 I, w ] - O —.)
(7 o -V (/] -Ia' w*
(/] w (/] i ...In' (R

r
(]

v S0 M, TS NoN-ZERD oveE To THE

non-2ER0  CROSS-MoMENT  Lyz!
- CcAn THEN FiND THE REATIONS AT
PoINTS A B To  APPLY THIS MoMENT

aBovT THE Y'-AX1S
I~ Z'

a S -
Fa - -FB - iM"‘ we K 0\RECT (0N

> FoRcE cooPLe 1IN Z' DI\RECTION WHICH

RgTATES WITH THE FRAME.

v :WE’-ITIS THIS TYPE ofF IMRALANCE IN A
CRANKSHNAFT  THAT CAN CAUSE DAMAGE
To THE MoUNT.
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STAB\ LITY oFf ToRQVE FREE MoTioN

CAN GAN A LT oF TINSIGHT BY
CoNSIDERWG  SPECIFIC  TYfES OF MeTioNs  AND
TUEN SEEING How THE  VERICLE'S MoTioN
WL  RESPINO  To SMALL  PERTYRBATIONS

-  MoTIipN ‘\SchLn&" To TNITIAL MoTioN > STRBLE
consS1DER RoTATion  ABovT owneE PRINCIPAL AXIS
-
3= w.i 2> Db‘ (wo]
[ ]
CXN,Z ~ BodY FRAME, 0

Now WO) A SLIGUT PERTURBATION To THIS MoTloN
- ASSUME ToRQUVE (REE

> Wg = Wo ‘\';u)n PERTVRBRTION ToO
Foy —7 W, wuL LEAD
e To (HePEFULLY)
SMALL CAANEES
To 051) WYz

= NME) To Fwp & AY To PREDICT
TV, dJwy (B) |, Tw(¥)

. WgTE: PERTURBED MoTIoN MUST SATISFY EVULER'S
EQVATI(oNS.
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» PeRTURBED , TORQVE FREE EUVULER'S -

L
) O = :**(No"';wx\) + (122’1’**/);01;"“2

) o= Ty 5\:.;, + ( Tux = Lo,y )(u,-&-fux)fwz
3) 0 = 117_ ;'32 + (I\,\I - Ixx)(wa"‘;wx);w\/
o EY PoinTs: - W, CONSTANT

- W, M a’p,, J’w,,'é'wz
o LWERRIZE EOM. BY ORofPPING PRoDucTs of Jui's

€. TN ) Ju/ﬁ:.

N 2) (w,-\-fw,()a’wz._- w,a’w,+{yﬂz

¢ LINEARIZE) FoRM:

T ¥ Tby ConsTAVT
L =0

Ty 0oy +  (Tax-Tez) 0, Fiz =0
I-zz ;0.\)2 + (IW-I“)w, JN\, =0

COMBINE : (o;wekem.me FIRST oNE )

6'(;;7 + Eﬁ(l"" Ty Y(Tax I“)] Wy =0

Iw T 22
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» DFFERENTIAL EQUATION ariby + A )’wy =0

- ~&y-4
= oWy = B.eﬁ-i—e,er

@ TF & >o ) -A <o =) fwy S(NUSot DAL
=) oWy Jdwp,  TEND To OSCILLATE

~ sTRBLE  ((NEUTRAL)

@ IF feo ' -&>0 2>  EXPpRENTIAL  GRowTH
TN Wy ~ et

<« UNSTABLE

¢« TN 00R cAse A = w: (I%X' quB(Ixx'Izz)
IwW Lz 2
FoR  A>o , HEED
D) Ty ? Ty A0 Tyy > Tz
STARLE
W) Ty > Ty ang T2z > Tux ChSES

O corResPonDs To Ty BEWE LARGEST
MOMENT oF TNERTIAR

@ CORRESPONDS To Tyux OBEIWE THE SMALLEST.

o REcALL TUAT WE RRE SPiwning ABovT x-#xis,
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» O6BSERVATIONS:

- TIF Tl sO0IN  fBouT AN TNTERMEDATE

THEN sSPIN  UNSTABLE .

- SPIN ARouT  MAX[ min  AXES of TINERTIA
RRE  STABLE (onLY “NEUTRAL )

ExXAMPLE

e FOURTHER THOUGHTS :
-  RoTRTIONAL KINET\C ENERGY T=z% W

Wg - [N’] 2
: > Teor = JiI““"

H s IxxVJo

T
8

LWs

« WM Nv  EXTERFAL MOMENTS | H FIXED

R I %X I*X

IF Ty MMV TNeRTIA | THEN T Is
TME MAX\MUM  VALVE  PoSS(BLE.

* Iy ~ ARXIMUM = T ~ MIN VALUE,



oo f-p

E XAMPLE - TF (_)(4 L1< (”3 ' WHAT TS
™ME oROERING oF T, Ty, Tz!

= Ty~ = M LI :
W~ LTzz = (L-,_ L\3 ) <o . Ty4Iz
SISTENT

. CAN SH L con

SHow Ly T2z < Txx { WATH VISUAL
, " INSPECTION
s SPw stABILITY ¢ oF MASS
| L P1STRiBUTION

® ® O

K MUk  MoRE on THIS TYPE OF PRoBLEM
- LATER  on.



1Y B
TNTERNAL

* So, IF TMERE TS AN)\ERERGY 01551PATION
MECHANISM TN THE SYSTEM | ExPeCT Tg,r

To REOVUCE = oNLY RoTATINS ARBovT THE
MAXIMUM  AX\S ARE STABLE

~ SPIN ABRWT MIN AVNS DEGENERATES

—_\
T Rom  BRYSoA.
ANGULAR MOMENTUM
C::7 VECTOR (CONSTANT)
BODY SPINNING
AROUND MINOR AXIS
(HIGHEST ENERGY)
//
< PERTURBED BODY
DISSIPATING ENERGY
(NUTATION)
V" BODY SPINNING
] AROUND MAJOR AXIS
! (LOWEST ENERGY STATE)
X
<
| RAdWS - a
LENGTH - L
2
¢+ CIRCVLAR  CYLINBER T, ~ TmMa

I,I, ~ %(34‘4— A

Fok LoNG CILWOER T, < Ty= I,



“&\1
(owilh

50 SHEETS

22-142 100 SHEETS
22-144 200 SHEETS

22-141

)

EXAMPLE :

TNFAMmoUs

EXPLORER 4

PLad  WAS T SPIN SATELLTE  ABouT LoNé
f(\s = STABWITY (D) > M AXIS,
~ BUT THE ANTENNAS  DissPATED ENERGY
> MIN XIS SPIN UNSTABLE
N Bo0Y STRRTED To TuvMdBLE
= STAB\L\ZED TN SPIN  ABovT MATOR Axis
> D> 3 > ( B
ﬁ H
fiR sSTBLe <PIn , fUY A PLATE :

Y
w
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FORTHER  TNSIGHTS oN  ToRQUE
FREE MoOTION = GEOMETRIC
. -l
« ToRQUE FREE - H  CoNsTANT

113§

[ 4

| Mg) TS ConSTANT | BUT  Ha CAN CIANGE,

» CAN ALSe SHow THAT  RoTaTionAL XWETIC
ENERGY TS ALSo CoNSTANT | T.E. Ty = O
. L2 .
‘A“\l . TROT = é‘ W ¢ I LN
. - 3 aT
S Tpor = We I w BuT REALL THAT
: a 8 _ iz 3
+ n- 25 0R w = 3::)‘ T-mxt
. - = : 2 e 2 a
= de-r= We T o ;:\6-‘& JBUT I':‘ =":)x I'W)
+ w- (Wx3)-o
= Teor = BB () + 0 (343) -
=20
-
¢ RECALL -TUAT WX A PERPEND\CHLAR TO  BoTK
- = - - e
w AND  f So u-(mxA)Eo
)
o T =0 >  Tar CoNSTANT

ASSUMES THAT THERE #ARe No INTERNAL

DISS1PATION MECHANISMS ,

As 01Scussgl defoke.




b k- \4

No W) ASSUME THAAT THE Qo0Y XYZ AXES
ARE AL\GNED WTH  THE  PRWCIPAL AXES
- - X 2]

-> TR.-‘— = -1- W e “ = _;_ [Nx L\L, Uz-] *%va

2
° I

= ZTROT = Ixx (A\;— + I\” W; + IZZ VJ:
TRIS TS EQUNALENT To A ConSTRAINT EQVUATI0
oN  THE  ALLOWRBLE  ComBINATIONS ofF wy Wy W,

FoR & GUWES Ty

= Ser oF PosStBLE  VALVES ofF Uy, wy Wz ARE
on AN ELLIfS\D ALIGNED WITH TUE

PRINCAPAL  AXES.

MORE o0  10-20

ELLPSOID SZE TN EACH ORECTIoN ~ | ZTReT
LTk

So LARGE T P ELPso\D SMALL
TN TUAT  WRECTION.

a

LA J
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-

> MOMENTUM : W Fued  so |H) must 8€
e—— !
CoN STANT
“3 e Tux o Wy Tux Wy
I*’I Uq = I"Y "‘)7
o In wz Iz-;_ W2

I\ \z LW Ry Wy = C
6 - 1** w* + I¥~/ ‘INL' + Izz U)z -

- PRovIDES ANOTHER  CONSTRAINT oN THE PossiBLE

CoMBINATIONS  oF Wy Wy V3

o MOTVON oF THE BolY MUST SATIsFY BoTH
CoNSTRAINTS
P FEASIBLE  ANGULAR VELociTY CoMBINATIONS W,y i,
f5 SEEN N THE BepyY FRME
-» MUYST LlE AT TUE INTERSECTION oF
™E TWo ELLiPsargs.

> CAlley A PoLKHODE

=> INTERSECTION CUHANGES DEPENOING oN

Ter AND |H,) .



| ) | - | o0-
2 2 b
EﬂEKG\' U* + Wy + Wz a: A
T Iy 27/ Tyy Sl
b 2
MDMENTUM u‘ + Wy % U; .
\Wg\ /1= |¥e)’ |y Yol |z,z

(Energy ellipsoid
for h=20 N.m.S.)

\" (Energy ellipsoid
\ for T=50 N.m.)

e Major axis
— [ large
—>1/1 small

® Perturb about ® /o,
get small circle path

® Perturb about ®,*
get large displacement

Figure adapted from P.C. Hughes, Spacecraft Attitude Dynamics
(John Wiley and Sons, 1986)
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High Energy Case: |
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Med High Energy Case: |
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