16.512, Rocket Propulsion
Prof. Manuel Martinez-Sanchez
Lecture 20: Combustion of Liquid Propellants

Simplified Drop-Wise Liguid Combustion Theory

1.

Introduction

In this lecture we examine in more depth the fluid phenomena which
dominate the operation, and hence the design, of a liquid rocket. We start by
considering the two phase aspects of combustion, which usually determine the
combustor size. Next we examine the stability of combustor operation and the
design modification required to achieve it. Heat transfer to walls, wall
compatibility and wall cooling form the next topic. We conclude with some
notions in nozzle aerodynamic design and nozzle optimization.

Drop Vaporization and Spray Combustion

Returning to Fig. 12.1 (lecture 12), we note again the existence of a zone AC
where the propellants go from a series of liquid jets issuing through a multiplicity
of small injector holes, through breakup of these jets into droplets, impingement
(in some designs) of jets or droplet streams on each other, dispersion of the
droplets into a recirculating mass of combustion products, evaporation of the
droplets, interdiffusion of the vapors and kinetically controlled combustion. These
are obviously complicated processes, and a comprehensive analysis good enough
for first principles design requires large-scale computation [18, 19, 20]. In fact,
the largest number of existing liquid rocket combustors, those dating from before
1970, were developed mainly through empirical methods, supplemented by very
extensive testing. Improved modeling and computational capabilities have more
recently permitted a more direct approach, with fewer hardware iterations, but
theory is still far from completely developed in this area, and serves at this point
mainly to ascertain trends and verify mechanisms. For an in-depth discussion of
liguid propellant combustion, see Refs. 21 and 22. Here we will only review the
fundamental concepts which underlie current spray combustion models.

2.1 Single-Drop Combustion

Even when liquids are originally injected into the chamber, actual combustion
takes place in the gas phase, following vaporization of both, oxidizer and fuel. In
fact, vaporization is usually the rate—controlling step in the whole process,
although its rate is itself affected by the reactions occurring near each droplet. In
a few instances, both propellants enter the chamber as gases or easily vaporized
liguids, and then gas phase mixing is the limiting step. (An example is the Shuttle
SSME, where the hydrogen is vaporized in the cooling circuit, and the oxygen is
partially vaporized by the hydrogen in a co-flowing heat exchanger arrangement
ahead of the injectors, the rest being atomized and evaporated shortly after
injection).
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In a fuel- rich environment, vapor from a fuel droplet diffuses without
reacting into the surrounding gas, while heat diffuses inwards to supply the latent
heat of evaporation. In the same environment, vapor from an oxidizer drop
comes in contact, and reacts with the fuel-rich gas at some distance from the
droplet, forming a spherical flame, from which heat diffuses both ways, while
reaction products diffuse outwards and also stagnate in layer around the droplet.
A similar description applies to a locally oxydizing environment. It will be
sufficient to analyze, for example the case of a fuel drop in an oxydizing
environment, from which we can easily derive other cases by suitable re-
interpretations.

As a preliminary, some relationships will be derived between the overall
stoichiometry (oxidizer/fuel ratio, or OF, by mass), and the mass fractions of
products and excess oxidizer or fuel to be found in the burnt gas far from the
droplets. Let the actual mass ratio be OF, and the stoichiometric mass fraction be
OF; (later called i for short), Assuming excess oxidizer, and complete combustion
(a rough assumption), the reaction can be mass balanced as

1 (Fuel) + OF (Oxidizer) — (1+OF) (Products) + (OF-OFs) (Oxidizer)
and so the mass fraction of excess oxidization at infinity is

v OF - OF, _ OF - OF,
> (1+OF)+(OF-OF) 1+OF

Similarly, for fuel-rich operation,

1 o 1 1 1
—— (Fuel) + | (oxidizer 1+ —| (Products
o (Fueh + 1 ( )»[+OFJ( )+[

S

and the mass fraction of excess fuel at infinity is

1 1

OF OF, OF, - OF

RIS

which could be also formally obtained from Y,

by reversing the roles of fuel

and oxidizer (including OF — )
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Consider a spherical fuel droplet of radius R and density p,. Its rate of
vaporization is

dR
r--anr?p 2R
Pe at

and the main purpose of the analysis is the calculation of I' from given R and gas

properties. Let Y, (r), Y, (r) by the mass fractions of fuel and of combustion

products in the region R < r < r; between the drop and the flame location (no
oxidizer is to be found there, so Yt + Y, = 1). These two constituents are both
convected by the mean outwards flow, and diffuse according to their
concentration gradients. Since the products do not penetrate the drop surface,
the net outflow of fuel at radius r is equal to the total mass flow, and is given by

dy
LY. -4nr’pD, —- =T
f p L dr

where D is the diffusivity in the products. The net flux of products remain zero in
this region (but not their concentrationY, =1-Y,). Imposing that Y; approaches
zero at the flame radius, the above equation integrates to

,M[Li]
Y, =1-e '™ R<r<rp)

f

where

A= —
" 4n(pDy)

and the product pD; is taken to be constant.
While this gives information about the composition of the gas near the

droplet, the more important results come from a similar mass balance outside the
flame radius (r > rg).
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Assume cpf = Cpox = cppmds_ ,

{1+i)I" (Product)
R &

<

[(fuel) |
ir(oxidizer)

Mg /

< Oxidizer+Products

-~ (both flowing)

Fuel+Stagnant Products

For r > rr , the oxidizer mass balance is

dy .
FYOX:4TCr2pD — X =T (1)
dr
or
dy i
OX + F Yox = — IF (2)
d(1/r) 4npD 4npD
rcC
Define he—L o P (€))
4npD 4k
and impose Y, (r=w)=Y_ )
X
Yo = (i+ Y, )e " —i ()
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Impose also Y, (r=r.)=0, solve for LY
I

r&:ln(lJr@] ()

g i

which is a relationship between I' and rg (rg turns out to be proportional to T,
i.e., a “blowing” effect)

The distribution of both, mass fluxes and mass fractions are displayed below:

& T 1+1)
' Products
r |
fuel I
|
; e i
L Oxidizer
-ir
MASS FLUXES MASS FRACTIONS

We now need the heat flux balance, both inside and outside the flame:

R <r <r - Taking T = T, as the (temporary) enthalpy zero, the convected heat
flow inside the flame, where only fuel vapor moves, is I'c, (T - TV). The conductive

flow is -4 nr? k(;—T, The total, flowing inward (negative) is used at r = R to vaporize
r

liquid, at L (latent heat) per unit mass:

Fcp(T—Tr)—4nr2kz—1r-:—FL @)
'IF C.\'\
ar =~ Zeypor)-- Lt (8)
d(1r) ‘4nk 4nk
A again
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Imposing T(R) = T, , this integrates to
NES:
T T L[e & _1] ©
Cp

and, in particular, at r = r¢

Te-T,= L[e){;i] —1} (10)

which also relates T" (in A) to rg, but also introduces Tr , the flame temperature,

as a third unknown. We will need the heat flux balance for r > rr to complete the
formulation. For this purpose, we now move the enthalpy zero to T=Tg, the flame
temperature. The total heat flow (convection plus diffusive) is now

dT
r'c, (T—TF)—4nr2kE

and this must be the heat released at the flame front, minus the heat sent
inwards from the flame to the liquid. The former is I' Q (Q= heat of combustion

per unit fuel mass). The latter would be 'L, except for the extra I'c, (T, - T,)
due to the change of enthalpy references. Altogether,

FCP(T_TF)_47”2K(3_-::ZF[Q—L—Cp(TF—T\,)J (11)
dT FCp B T L ~
> a@n tank ) = Qs (T (12)

Integrating with T (oo) =T_ as a boundary condition,

G

T—TF=Q_L_C"(TF_TV)(1—ei]+(Tw—TF)ei (13)

and particularizing at r = rg (T=Tp),
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:Q_L_CP(TF_Tv)[efF—lJ (14)

which is the needed extra relationship to complement (6) and (10)

Egs. (10) and (14) can be simplified if » is substituted from (6):

F

-T=——xy—-1 (107)

_Q-L-¢(T-T,) Yo_m (14"

Y B % v
TV+L e 1 _Tw: Q JZ_L e——i ox,®
Cp 1 o, CP Cp 1+ 00X, |
i i
o El/}ﬂ:g BT, (15)
Cp 1+Yx,oo | Cp 1 Cp
i
A c
Solve for —, and use A\ = P .
R 47k
Y i+c (T _-T
P oA gl Qo160 - T) 16)
c, L
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In the literature, this is written as

with

r

= 4C“k R In[1+B]

p

B =

Q Yox’m/i +C, (Tw - TV)
L

(the Spaulding parameter).

We have solved for I', and can go back to (6) to get the flame radius

F _R In(1+B)

- YOXsc
In|1+ 2%
i

@an

(18)

(19)

and to (10’) to get T¢. From (15), (18), "® =1+ B, and then, from (10"),

T =T, +— -
C, 1+Y,./i

L B- Yox,oc/i
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Order of Magnitude:

Assume an oxidizer—rich LOX-kerosene burner, with (O/F);=i=2.4, and O/F =3.
This givesY,, = 31_ 2; =0.15. The heat of reaction is roughly Q=4.3 x 10’
' +

J/Kg/fuel and the fuel latent heat is L =2.5x10° J/Kg. Assume the surrounding
gasis at T, - T, =2000K, and take C, = 2000J/Kg/K. We calculate

Yoxw _0.15 _ 0.0625
[ 2.4 |

_ 4.3x10" x0.0625+2x10° x2x10° _

B
2.5x10°

26.8

Y Y
In view of these numbers, In(1+ ﬂ] =-2% «1,but B>1,s0 (19) and (20)
i i

can simplify further to
i

r. =R v In(1+B) (19)

0X,0

Y, i
T =T, +LB =T, +—Q on.e/

p Cp

(207

Vaporization time - The droplet is actually being consumed, so its radius varies
(on a slower time than the gas transit time), according to

dR
p|4TCR2E=—F (21)

and since T is given by (17)

pe%R*\‘l—Tz —%Cﬁk In(1+B)

RS —R’
p,oTzhln(1+B)t R:RO\/l
C

p

2k In(L+B)
PC, R?%,
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c, R2
or — = 1-— ; T, :M (22)
R, T, 2k In(1+B)

T, is the deep vaporization time

For an order of magnitude, assume R, =50 um =5x10°m, p, =800 Kg/m?,
K=0.1 W/m/k, plus the numbers used in the previous examples. We calculate

2
800 x 2000 x (5 x 10*5)
Y 2x0.1xIn(1+26.8)

=6.0x103s =6 ms.

On the other hand, since t, ~R?, if R, were instead 10pm, T, would be 25

times shorter, or 2.4x10™. To see the significance of this, assume the gas
moves in the combustion chamber at M=0.2, or u, ~240m /s . A droplet of
radius 50 um would then require a combustor length no less than

240x0.006 =1.44m, which is excessive from the mass point of view. A drop of

R, =10um, on the other hand, require only 6 cm to evaporate. This brings out
clearly the importance of good atomization.
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Other cases

For a fuel drop in a fuel-rich background, everything is the same if we make
Q=0 (no flame), and, of course, ignore r. and T.. In fact, the only equation

needed is the r <r. heat flow balance (Eq. 9), which, usingT(«) =T _, gives

©

T, -T, :L[eh/R -1]

and so, finally

or F:4nkRIn(1+B) (as in (17)),
c
p
with
¢, (T, -T,)
B= % (F/F Case) (23)

Again, this is as in (18) if Q=0.

So, the fuel drop evaporates faster if it is in an oxidizing environment (larger
B). The reason, clearly, is the extra heating from the nearly flame in that case.

For an oxidizer drop in an oxidizing background (0/0), we have a very similar
situation (no flame), so, once again, I',, is given by (17), with B given by (23),

but now T, and L must be reinterpreted to be those for the oxidizer liquid.

Finally, for an oxidizer drop in a fuel-rich background, we return to the first case
(fuel drop in oxidizing gas), and switch the roles of fuel and oxidizer throughout.
For, example, Q must be the heat of reaction per unit oxidizer mass, Y_ . must

0OX,0

be replaced by Y, , i=(0/F), becomes 1/i, and (T,, L) refer to the oxidizing

o0 1

liquid.
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CALCULATION OF CHAMBER LENGTH (2000 version)
(Generalizing Spaulding’s )

P S, R
2kIn(1+B)
background, as normally seen in rocket, we have two types of droplets:

The drop vaporization time T, = depend on B. For a fuel-rich

. - . . Cp (Toc - Tv,f)
Fuel drop in fuel-rich medium: Bep = ——m—= (23)

.- . . . QYfac+Cp(Toc_Tvox)
Oxidizer drop in fuel-rich medium: B, = : i ’ (24)

OoX

(notice Q is still the heat of reaction per unit fuel mass). In many cases L, <L,
(especially for Lox), and also Q is a large quantity appearing in B, . , but not in
B . S0, By, > B, ., meaning the oxidizer drops are likely to evaporate much

earlier than the fuel drops. For chamber length calculations, then, we focus on
the fuel drops mostly.

Assume fuel drops are injected into the chamber at a velocity up,. Oxidizer
drops are assumed to vaporize very fast (or to be fully evaporated at injection, as
when Lox is used). At any section prior to fuel vaporization, the fuel liquid
fraction (by flux) is

4 A
Y = gnRsp, Ny U, — (25)
mF

The number-flux of drops n,u,A is conserved, so y~R® and from (22), since the
initial vy is unity,

3/2
Y= [1 - —J (T, =fuel drop vap. time) (26)

The vaporized fuel fraction is 1-y, so the gas mean velocity is

u :m (27)
[¢] pg A
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and, at the end of the vaporization, this becomes
u, = (28)
Py, A

2

If the molecular mass difference between fuel and oxidizer fuel and oxidizer
vapors is ignored (consistent with earlier approximations), and p , T, are nearly

uniform, then we treat p, as a constant, and so

u m Mox 1-y+O/F
B R L L 1YO/F (29)
U m m +
u t 3/2
or u =—>=>—|1+0/F-|1-— (30)
S 1+0/F T,
O/F

Notice that (29) implies an initial gas mean velocity u, (0) = Too/EY which is
+

due to the vaporized oxidizer flow.

The particle velocity, uj is different from u, in general, so there is slip, and

therefore drag force. Assuming small Reynolds number around each drop, Stokes
flow occurs, so

4 _, du
—7R D
Py dt

3 =6 R, (U, —uy) (31)

or, defining a velocity relaxation time

Rel 9 H-g
R ° du
TRel [R_oj dtD =U; —Up (33

“o_p 1i-toog B _, (34)
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and write (33) as
032
gg:_1+O/F 0 o (35)

9
b 1+0/F

This is a linear, first-order equation for v(0), although with non-constant
coefficients. It can be integrated by standard methods, like parameter variation.

, the solution is found to be

Imposing u, (t=0)=u, , or v(6=1)=

2

vel4| oo _q_ 2b 0° + 25 ¥z (36)
2 (3-2b)(1+0O/F) B-20)1+0/F)
One more integration will yield the vaporization length:
T, 1
L = [uydt =u,1,[v(0)do (37)
0] 0]
After simplification, this gives the result
L _ 1 “ﬂ+(1_—2/5 jb (38)
u,t, 1+b|u, 1+0/F
Notice that, from (22) and (32), the parameter b can be written as
T, pCc, Ry 1 ~ g( TR /k)
Trel 2k|n(1+B) gpIRﬁ 4 In 1+B)
9
or b= S_ Rk (39)
4In(1+B)

For B=30 and P,=0.8, this gives b=0.52.

Spaulding defined a related parameter § =2b and presented results for the
monopropellant case. We can reduce to that case by setting O/F=0. Result are

shown in the next figure for £ = 0.5 (b = 0.25). The parameter y, is , and
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X
2u, T,

g

As an example, for the middle graph y, = 0.5, so using O/F = 0 in Eq. (38)
L 1 (
2u,7, 2x1.5

2
with the result in the figure.

we calculate &, =

0.5x0.6x0.5) or &, =0.267 . This coincides

Notice how the droplets are initially slowed down by gas drag, but later, as
the gas evolves and accelerate, they are pulled along. Near the end of
vaporization, the rates accelerate, because the droplets are so light.

1.0
w [Gas velocity) X (Droplet velocity)
1.0 1.0
—  ©(Gas velocity) R {Droplet /
/ radius
¥ (Droplet velocity)
wiGas velocity)
R {Droplet
. radius
R{Droplet radius) ius)
=046
0
&, = 0.06 o
Gﬁ : : : £ (Distance from injector) £ (Distance from injector)
£ (Distance from injector) y = 0.5, I“ 0s y = 0.5, x” 10

y =0.5,%,=0
(a) (b) (c)

Evolution of evaporating droplet size and velocity. Here the reference v, for
velocity is that of the gas after complete evaporation, and for length, | =2v 1,
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