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Lectwne 33 Runge-Kutta Method of Numerical Integration # 12

Numerical Integration

5’5 s gt — jti i=1,2,3
v _ ay Y o i

x(tg) =% y(tg) =y, flx¢) =1
Taylor Series Expansion

dx h? d?x 2
t+h) = h — S g h S
by =xoh g oy |, T Xt ot gt
dy h? d%y h?
t+h) = h — — — hf. + —f 4+ ...
ylt+h)=yo+h e t:t0+ Yo + by + 5rfo +
h? Of dx
= hf —
Yot "ot or oxdt |,
=Fyyy
First Order Method Second Order Method

x = x, + hy, + O(h?) x = X, + hy, + sh*f, + O(h?)
Yy =¥, + hfy + O(h?) Y = yo + hfy + 3h°Foy, + O(h?)
How to Avoid Calculating the Matrix F

of
t=to
or for any constant p
of
f(xo + hpy,) = £, + Ix hpy, = fy + hpFoy, + O(h?)
t=to

or
1
Z;[f(xo +hpyo) — fo] = BFoy, + O(h?)
Hence, the second-order method is equivalent to
x = X, + hy, + $h*f(x,) + O(h?)
1 1
= 1——)f —hf 3
y =0+ (1= 5 )0s0) + 5 hfxo + hpyo) + OGF)
Choose p = % and note that f(x,) — f(x, + hpy,) = O(h). Therefore, we have
x = Xo + hy, + $h*f(x, + 2hy,) + O(h?)
Yy = yo + h(xo + 3hyo) + O(1°)

with only one evaluation of the function f(x) for x = x, + 2hy,,.

76.346 ﬂ&ocﬂwmm Lecture 33



Formal Derivation of the Second-Order Method

Choose a, b, p so that

X = X, + hy, + h*ak + O(h?) X = X, + hy, + sh%ay + O(h?)
Y =y, + hbk + O(h?) = y=yo+h(eg+ thay) + O(h?)
k = f(x, + hpy,) k = a, + hpa, + O(h?)

where a,=f, and a,=f =F,y,.

Expand f(x, + hpy,) in a Taylor series:

of of
fx+0x) =f,+ —| 0x+0[(6x)’] = f(xo+hpyy) =f+ o=|  hpy, +O(h?)
OX |y_y, OX |y,
Then = ot hpay
X = X, + hy, + h*a(ey + hpay) + O(R?) B X = Xy + hy, + h%ay + O(h?)
Yy = ¥o + hblag + hpa;) + O(h?) ¥y =Y+ hlag + shay) + O(h%)

Equate corresponding coefficients of o and o

1 1
a:% [p}b:{ll — a:p:% b=1

2

In summary:

x = X, + hy, + sh°k + O(h®)
y =y, + hk + O(h?)
k = f(x, + %hyo)

Taylor Expansion using Indicial Notation and Summation Convention

i(t+h)— i+hd_ﬂ+h_2d2xi+h_3d3$i+h_4@
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Taylor Expansion of a Vector Function of a Vector

Fr@ +0") = '+ fi67 4+ 5 [ 876% + & flp07 676" + - -
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Nystrom’s Third Order Method Evert Johannes Nystrom 1925

X =X, + hy,+ h2(a0k0 +aky) + O(h4)
y= yo +h (bok, + b k,) + O(h*)
ko = £(x¢ + hpgyo)
k; = f(xo + hpyyo + ha k)

Series Expansion Using Indicial Notation
o (t+h)=a" +hy' + $h3f" + §h° fly? + O(h*)
y'(t+h) =y +hf 4+ S0P Fiy + LR (fhy’y" + fiF7) + O(h?)
ko = f1(@' + hogy') = '+ fihwey” + 5 Fiu(hwoy”) (hwey"®) + O(h?)
&
ki = fi(a" +fbp1yi + hquké) = fiz’ + hpy' + h3q f* + O(h?)]
53 = fZ + f;f(hplyj + h2‘11fj) + %f;k(hplyj)(hplyk) + O(hg)

Series Expansion Using Vector Notation
x = X, + hyy + h*(3a + thay) + O(R")
Yy = Yo+ hlog + %hoﬁ + %hQ(az + B,)] + O(h*)
ko = f(xo + hpyyo) = o + hpge; + 2R°pie, + O(h?)
k, = f(xg + hp,yo + hPq kg) = oy + hpy oy + B (5play, + ¢, 8,) + O(h?)

Determine a,, a;, by, by, Pys P1s @

h?(agky + a k)

K’ (1o + thay) to terms of order h®
h(boky + b1 k) = hlay + 2hoy + th* (o, + B,)]  to terms of order h?

Condition Equations

o [P ] B

Po Py ay
p: pi

(B) q,b; =

[\)
o= ———

TN W N

W=
~—
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Solving the Condition Equations

First
pobobjzlz;lé = (1 =Po)by + (1 = p1)by :% — ay+a; = %
p2b, + pb, = L Po(1 = po)bg +p1(1 = py)by = § Polg + P10y = §
Hence ag=(1—py)b, and a; = (1—py)b,.
Next, for consistency,
by +0; =1 11 1
p0b0+p1b1:% < Dy;=|p, p % -0
Pobo + by = 5 n o3

Expand the determinant

1 1 1| Vandermonde determinant
1 ’ 11
Dy=|py p1 3|= (P1—po) [5— 3o+ p1)+pop1] = V2 L3(pgsp1)
2 .2 1 b ~~ d —
Po P13 Constraint function =0
Complete solution
1 1
5 — P 5 — Do I py —pg
by = 2—— b, = Q=" ag = (1 —py)b a; = (1 —p)b
0 - 1 Pt — Do 1 6%—]00 0 0/% 1 1)1

with p, and p; chosen arbitrarily subject to

Ly(py,p1) = 5 — 3 (py +p1) + o0y =0

Nystrom’s Third Order Algorithm with p, =0

x = X, + hy, + 3h°(k, + k) + O(h")
Yy =Yo + th(ky + 3k;) + O(h*)

Note: In the book Discrete Variable Methods in Ordinary Differential Equations by Peter
Henrici published by John Wiley & Sons, Inc. in 1962, there is a mistake. In his book,
Henrici didn’t derive the algorithm. He simply stated it. The factor % was erroneously
written as % . This error would be difficult to find since the algorithm would not exhibit

any particular problem. It just would not be as accurate as it should be.

The moral is  Never copy somebody’s algorithm!!  Always derive it for yourself.
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Nystrom’s Fourth Order Algorithm
Used in the Apollo Guidance Computer

x = X + hyg + gh* (ko + 2k;) + O(h%)

Yy =¥o + shiky + 4k, + k,) + O(h°)
where

k, = f(tvao)

k, = f(ty+ 2h,xo + Shy, + th7k)

k, = f(ty + h,xo + hy, + 3h°k;)

Nystrom’s Fifth Order Algorithm
x = Xy + hy, + 15317 (23k, + 75k, — 27k, + 25kg) + O(h°)

Y = Yo + 150(23k, + 125k, — 81k, + 125k;) + O(h°)

where

to»xo)

0 (
(to + 2h,xo + 2Ry, + 2—25th0)
(o
to

1

to+ 2h,xo + 2hy, + 2h7k)
+5h,Xg + 5hyo + 5507 (ko + k)]

2

~ A N R

f
f
f
s =Tft

R-K-N Sixth Order Algorithm

x = X, + hyy + oh*(7k, + 24k, + 6k, + 8k;) + O(h")

Y = Yo + h(7k, + 32k, + 12k, + 32k, + Tk,) + O(h")
where
ky = f(t()vxo)
k, = f(ty+ 2h,xo + 2hy, + 55h°k,)
ky = £[tg + 35, %0 + 3hy, — 5777 (ko — 4k, )]
k, = f[t, + 2h,xy + 3hy, + 55h°(3k, + 4k, + 2Kk,))]
ky = flty + h,xq + hyo + 137°(6k; — ky + 2ks)]
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