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Lagrange Multipliers Example
Consider a simple example of the use of Lagrange Multipliers:
Find the point on the curve 22y = 2 which is nearest the origin.
Here we must make 22 4 »? a minimum subject to the constraint %y —2 = 0.

Solution: Find the minimum of the function f(z,y) = 2% + y* — A(2?y — 2) when x and
y are unconstrained:
of

— =2x— Xzy =0

of 2
_ = 2 — =
o 3y y— AT 0

from which we find: A =1 r =42 y =1 so that the two points at minimum
distance from the origin are \/5,1 and —\/5, 1.
Thrust Vector Attitude Control to Maximize Total Energy

State Equations

Xr Uoc
dly| _ v dx
dt v, | | ar cogﬁ(t) = % f[x(t), 5(1)]
Uy arp sin ﬁ(t) - g

Performance Index

Lagrange Multipliers
Introduce the vector Lagrange Multiplier A(¢) (also called the Co-State) and write

I= /ttl AT(1) (2—’; — fx(t), 6(75)]) dt =0

The Problem

To maximize J — I as a function of «

dJ

% a— = 962(t1) + xSm(tl)eg(tl) + x4m(tl)€4(t1)
al 2 T de Of of

dorlazo —/to N0 (3~ ¢~ 557) ¥

76.346 ﬂMcZWMM Lecture 32



Integration by Parts

dI oo sde Of  Of
a_o_/to Mt)(%‘&e a3 >dt

N
—/ (D) 20 e (t)dt—/t N0 S0 dt

to 0

= AX(t))e(ty) —/ A (t)=— ot v(t)dt  must equal dJ

= X"(t)e(t)

" 85" dala=0
Here we require the Co-State A(t) to satisfy the differential equation
dX\™
_ ot
dt ox
In our case
0010 M(t) = e 0
of 0 0 0 1 Ay (t) = ¢y of 0
— = that Al — = .
ox 0 0 0 O SO tha A;(t) = et + ¢4 % op —apsinf
0 0 0 0 A(t) = eyt + ¢ ap cos 3
Choose the constants c;, ¢y, ¢4, ¢, so that
)\l(t) = 0 )\3(t) - vxm(tl)
Ao(t) =g A (1) = gty — 1) +v,,,(t)
Then, if we are to have
dJ dI 2 of
Jorlao ™ daao_o we must require that /to A()ﬁﬁ()dt_o
From the Fundamental Lemma of the Calculus of Variations it follows that
of
ATt)=— =0
Ope

which is called the Optimality Condition.
In our case, we have

Ay (t)sin 3, (t) + A, (t) cos B, (t) =0
Thus, the optimum program for [3(t) is

= tanﬁ"b( )

called the Linear-Tangent Law.

This result formed the basis of the so-called Iterated Guidance Mode used by the
Saturn launch vehicle’s guidance system to place the Apollo spacecraft in an earth parking
orbit prior to its voyage to the moon.
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