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The Disturbing Function

Three-body equations of motion

d*r, M

e G%(rz r)+G 3 (rg —ry)
d’ry my 3

a2 G%(ﬁ ry) +G 5, (r3 —ry)
d*r, my M

ar G%(rl —ry) + G@(Q —r3)

Ignore the third equation. Subtract the first equation from the second and define
r=7ry—I p=r3—1 d=r—p p=G(my +my) m =g

Then, the equation of relative motion may be written as

crTp LT N o/1 1 OR

where R, called the disturbing function, can be written as
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Generating Function for Legendre Polynomials
L(z,v) = (1 —2vx +2?) “3 = ZPk
The Disturbing Function and Its Gradient
Gm = r\F
R=—|1+ P, (cosa <—)]
e o]
d’r m
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Properties of Legendre Polynomials

Rodrigues’ formula

"1 an
_ _ 1.101 — (1,2 _1\n
Py(v)=1 P,(v) = \F[ mn A+ il’ 2 (1 V)], 2nn! dym " =1
P(v)=v Hypergeometric function
Py(v) = §(3v” — 1) nP,(v)—(2n—1vP,_;(v)+(n—-1)P, ,(¥) =0
Ps(v) %(5’/3 —3v) Recursion formula
Py(v) = (350" — 300° + 3)
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(n—1)P.(v) — (2n — 1)V P},

Laplace’s Sphere of Influence

Motion of m, relative to m; (planet)

[ pawip,

(v)dv =0 } Orthogonality property

(v )+nPI (V) =0

#8.5

Motion of m, relative to m; (sun)

d*r G(my +m,) 1 d*d G(my + mg) 1 1
= Gy (d+ze) G =~ TG, (- o)
ab; ad, aj, ag;
Primary accelerations
p _ Glmy+my) — Glmy+my) ., p»  G(my +my)
ab; 5 r=-— 5 a5y 3
al. — _G(mQ + ms)d _ _G(mQ + my) i af G(my + my)
23 a3 d? d 23 —2rpcosa+p
Disturbing accelerations
1 1 Gm, /r? Gm
d _ _ 1 : 1.2
a23——Gm1<r3r—Ep> =3 <?1p—1r) =3 (x 1p—1r)
1 1 OR;1T Gy = iy , o
= ~Gmy(ma+ o) = [G2] =7 ;x PLy(0)i, - PL)i]
From Eq. (8.72)
Gm Gm ..
~ p —3 z[Py(v )1 - P/(v)i,] = p23$(31/1p—1r)
G G G G
al, = ml\xl —i.|= ml\/a:4 2x2cosa+ 1= ml\/1—21/a:2—|—a:4~ mh
G G Gm
ad, = m3:c]31/1 —i|= m3£L‘\/9V2 6rcosa+ 1= 23x\/1+3u2
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Determine the ratios

d G 2 9 2
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Set the ratios equal

agl a(zls mg / 3 5
> = — — X 1+3ve xax° =
Qs Qo3 my + my
z° =
Finally, 1< (1+3v2)10 <1.15 and for m, < m,

[N

N <&)
P m3

Radius of Sphere of Influence in miles = (

the mass of the Sun.
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~ My (1 —2vz + 2?)
My + Mg
m1(m1 +my) 1

2
5

mp

mg

where mp is the mass of the Planet, ap is the semimajor axis of the Planet and mg is

V14 302

mg(my +msg)

and  my, < Mg

X ap in miles





