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Lecture 27 Veariation a% Paramelers GWZM 70

Lagrange’s Variational Methods for Linear Equations

Consider the equation

2 W _ y
d dr 72 d
Sy =sect = dt — S 0 e 0
dt? dys, dt |y, -1 0] |y, sect
—= +y; =sect
dt
which is equivalent to
dy
w_F
i ytg
where
T 10 1 | 0
y = LJJ and F = [_1 0} and g = {Sect
Now the Wronskian matrix W
i — dW
= {smt .cost} satisfies —— =FW
cost sint dt
and the solution of the homogeneous equation is
y, = Wc  where c¢= [Cl]
Ca
We now seek a solution of the general equation
dy
i Fy +g of the form y = Wc(t)
Substitute and obtain
dW d d
Wc + Wd_(t: =FWc+g which reduces to Wd_g =g
Hence d
C
= _w!
dt &

which is solved by quadratures to obtain

de sint  cost 0 de, de,
%_{—Cost sint} |:S€Ct:| or E_l and E—tant

Hence
ci(t)=t+c¢; and cy(t) =log(sect + tant) + ¢y

so that the general solution is simply

y = Wc(t) or y(t)=c (t)sint — cy(t)cost

76.346 ﬂ&ocﬂmmm Lecturne 27



Derivation of the Variational Equations

ds
— =Fs—+n
r O | r 0 dt

, ) ., —  where
s=s(t,a) = [ff((iz))]
Bs

d
Two-Body Motion: 5 = Fs Disturbed Motion: d_j =Fs+n

Seek solutions of the form s = s(t, ay, gy, ag, ay, oy, )
where, for example, a®™ =[Q i w a e A=-n7t] and n = [;]
d
Differentiate
ds Os 0s do Os do

+ stn Ja dt

dt ot da dt -

Since

85804_804 Os 1
da Os  O0s Do

then

Oa s da _da = da  da

ds Do dt  0s | [E E} [ad

0| _Jda,
ov ¢

so that

doe  da
it~ ov

A P e A P |
ol alle ella] = L alle

z Y

wolle ol
Variation of the Classical Elements

da 20>
a? ov dt  u V' ad

h=rxv=8Sv = %:Sa—V:STI:ST — @:rxad

dt
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h
h2=h"h 2h6— =2h7TS
ov

or, alternately,

dh
dt

= xv)-rxv)=rTrvTv-rTvr’v — % = %rT(rvT —vr¥)ay
h? de da dh
=—=a(l-¢€*) = |2uae— =p(l—e*)— —2h—
P=", ( ) pae— = p(l —e”)— p”
de
Ho = ag X (rxv)+(a; Xr)xXv
Variation of i and (2
From Page 84 in the textbook
h="hi, =h(sinQsinii, —cosQsinii, +cosii,)
dh das) di dh
Then azhsini%in—hd—i iy
where
i, =cosQi, +sinQi,
i, =1, Xi, = —sinQcosii, —I-Cochosz'iy +sindi,
Hence
ds? 1 . » rsind |
— = i r-a, = i, -a
dt  hsini " 47 hsing b
di 1. rcost
where § = w + f is the argument of latitude.
Variation of the true anomaly f
h? 0 0 2h Oh
r(l+ecosf) = m — resinfa—{’ = rcosfa—e " ov
0 0 oh
From Eq. (3.29) %resinf =r-v. = recosfg = _TSinf(‘)_i + r7va_v
Multiply the first by cos f, the second by sin f and add to obtain
0 oh :
reha—“f, = (pcosf)r*T —(p+r) sinfa—v to be used in % = % g—{,ad
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Variation of w

i, =cosQi, +sinQi, = cosf=1i,-i, =cosQ(i,-i.)+sinQ(i,-i,)
Then
06 . 00 00 oY)

—sinf — =[—sinQ (i, -1i.)+cosQ(i -i)]— = — = —cCosi—
o = s, ) +os (i, )5 - "
since

i, -1, = cos{cost — sinsinf cosi

i, -1, =sinflcosf + cos{lsinf cosi

This gives the perturbative derivative of 6, i.e., the change in 6 due to the change in i,
from which the angle # is measured. The total time rate of change of 6 is the sum

ag 060 06 h .dS2
%254-%&(1:7“—2—6082%
Since § = w + f, then
dw of dQ
i _6)_vad_COSZE

Gauss’ form of Lagrange’s variational equations in polar coordinates

@ B rsin&a

dt ~ hsini

di rcosf

% — h adh

dw 1 ) rsin 6 cos ¢
= = %[—pcosfadr + (p+7)sin fag) — Wadh
da 2a? ) p

a = — (ESHlfadT + ;ad9>

de 1 .

o = 5 {psin fay, + [(p+7)cos f+relay}

df h 1 .

=3 + a[pcosfadr — (p+r)sin fagy)

Gauss’ form of the variational equations in tangential-normal coordinates

dw 1 . r rsin 6 cosi
% = 5 [2 smfad1t + (26 + a CcOs f) adn} - Wadh
da  2adv

- = a

i 7 dt

d 1

d_i =5 [2(6 + cos fag, — £Sinfadni|

df h 1 . r

7Rl Sl [2smfadt+ <2€+ ECOSJC) adn]
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