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Lectwre 19 The State Transition Matrix #9.5-9.6

Linearization of the Equations of Motion

e Deviations from reference r(t) =r, ,(t)+ (¢) v(t) =V, () +v(t)

e Equations of motion

dr _ ey _ o _

at e el dt

dv dv dv

av _ ref _ v _ _ _

dt - g(r) dt = g(rref) dt - g(r) g(rref) - (;(rref)(s - (;(t)(s

0
since  g(r) = glr,,;) + a—f §+-=g(r, )+ Gr, ;)8 +0(5)
r=Tpef

e State vector representation

e Y R
Llle0 o]

x(t) F(t)

The State Transition Matrix

B(t,ty) = [x1(t) Xx(t) ... x4(t)]
(L. ty) = [X1(t0) Xy(tg) .- XG(tO)] =1

e Matrix differential equation

e Define

%{)(t,to):F(t)Q(t,tO) with — ®(ty,t)) =1

e Fundamental property x(t) = ®(t,ty)x(ty)

Symplectic Matrices

e Definition

An even-dimensional matrix A is symplectic if

p- 10 I
ATJA =] where J—[_I O}

Note: Since J* = —I, the J matrix is analogous to the imaginary v/—1 in complex
algebra.

e Inverse of a Symplectic Matrix

Postmultiply by A™! and premultiply by J to obtain

Al =_JATJ
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The State Transition Matrix is Symplectic

e Symplectic Property of ®(t,t,)

d d®™ d®p

— T o = —JP+P"T—

7t (t,ty)JP(L, 1) 7t JO +P°J 7t
=®"F'J® + &"IFP
= ®"[F"J + JF|®
— HT G(t) o GT(t) o
=® o I-1 ®
=0

since the gravity-gradient matrix G = G* is symmetric. Therefore

D7 (t,t))J®(t,t,) = constant = B (¢, t,)IP(ty,t,) =1"IJI=1J

e Inverse of ®(¢,t,)

From the partitions ®(t,t,) = [il(i’ 0) izg’ioﬂ
4\ "0

the inverse is

B (1,1,) = Bltg. 1) = {

@i (t,t))  —P5(tt)

_@g(tﬂfo) (I)rlr(fvfo)

|

Fundamental Perturbation Matrices

For the discussion of linear deviations from a reference orbit, define

w-[8] e[

so that
n or
or(t) | or, | O 9v _
{5‘/@)1 = ®(t,1,) {5‘10] where ®(t,t,) = v By =
o, v,
L dref
or, Or,
or, 5r(t)] o  Ov [
= ®(t,,t h P(t,,t) = =
|:5VO:| ( 0 ) |:5V(t) where ( 0 ) ﬂ %
or 0Ov
ref
since B(t,t,)P(ty,t) =1 and B(t,,t) = B '(t,t,)
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Navigation Matrix ®(1,1,) Guidance Matrix ®(t,t))
Let t, <t <t, and define

@(t,t()):{%(t) R(t)} and q,(ul):{{i*(t) R*(t)}

(t) V() VE(t) V(1)
Then
dR(t) dR*(t) _
“a VW R(t,) = O a VW R'(t,) = O
dV (t = dV™(t * =
The differential equations for the “tilde” matrices are the same but with initial conditions
R(ty) =1 R (t,) =1
V(tg) = 0 Vi(t) =0
Furthermore,
& —vRt= cr—vrt-%
(9r v1=constant 8r r1 =constant
Hence
- R*(t;) R(t )} { V(1)) —RT(za)]
b (t,t =® (¢ — | <\ o = | "L -
(t.t1) t=to (t:t) t=t, {V*(to) V*(t,) =V*(t;) R*()

Differential Equation for the C* Matrix

C'R*=V* and C"'=R'V'"' o C"'V'=R*

Differentiate the first expression:

dC* dR* dV~* dC*
R*+C* = R*+C"V* = GR”
a Y T T a T
Finally, postmultiply by R*~! to obtain
dC* 2
C“ =G
a

Since G is symmetric, then C* is symmetric. Because C*(t;) is infinite, it is better to
use the equation for the inverse matrix.
dc* dv*  dR* dc*

* *—1
a VY T T &

V* + C*'GR* = V*

Hence

dc*—1
dt

Note: For the constant gravity case we have G = O so that C* ' = (t — t,)I.
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Midcourse Orbit Corrections #11.6

e Fixed-Time-of-Arrival Correction

5x(t) = ®(t,t,) 0x(t,) = lgi((?)] _ [E{*(t) R*(t)] {5‘,0 }

Hence
or(t) = R*(t) ov(t,)

dv(t) = V*(t)ov(t,)
Eliminate v (t,)
ov(t) = V*()R* 1 (t) or(t) = C*(t) or(t)
Velocity correction Av(t) = dv(tT) —dv(t™) = C*(t) 5r(t) — ov(t™)

e Variable-Time-of-Arrival Correction
[(5r(t)] 3 {ﬁ*(t) R*(t)] {&(tA)}
vt ] T Vi) v
Multiply through by [-C*(t) I]

. or()] _ 1 [R*(t) R*(t)] [or(ty)
e 03] =eo 1[E0 6] (8]
Hence, [using the starred form of Eqgs. (9.57)], we have

—C*(t) 6r(t) 4 0v(t) = [-C*()R*(t) + V* ()] or(t,)

(. J/

— R*T(1)

or ov(t) = C*(t) or(t) — R* " (t) or(t,)
1. Choosing dr(t,)
r,(ty +0t) =1, (ts) +v,(ts)dt
r(t, + 0t) =t 4) + v(t )6t

Then r(ty +0t) =r, (ty+6t) = Or(ty) =r(ty) —r,(ty) = —v,(t,)ot

where  v,.(t,) =v(ty) —v,(t,). Hence

dv(t) = C*(t)or(t) + f{* —T(t)vr(tAz ot or AV'(t) = Av(t) + w(t) ot

— w(t)

2. Choosing dt to minimize |Av'(t)]

Av - T

oty =— v and MinAV':<I—Ww )AV:MAV
W W wTw
—_———

Projection operator M
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