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Lecture 9 Lambernt's Theorem and the .L’aq/mnc;e Time gwﬁm

The Theorem of Johann Heinrich Lambert #6.6

\/ﬁ(t2 _t1) = F(a>7a1 +T2’C)

Developing Lagrange’s Equations
e Kepler's Equation Vit —T7) = a2 (E — esin E)
Vi (ty =) = i (t, = 7) = a?[(E, — esin Ey) — (B, — esin B
VI (ty — 1)) = 2a2[3(Ey — E) — esin L(E, — E,) cos L (B, + E,)]
e Equation of Orbit r=a(l —ecosE)

ry+ry =a(l —ecos Ey) + a(l — ecos E,)
= 2a[l — ecos 5(E, — E;) cos 5(E, + E,)]

e Chord  c¢=\/r?+73—2rrycosf
=71+ 734 2r,ry(1 — 2 cos? %9)
= (r, +7y)?* — 4r,r, cos? %0

Recall the relations between eccentric and true anomalies.

Using rs1n2f va(l+e) smlE rcosQf Vva(l—e)cos 5

\/T1T5 COS %9 = \/T{T5 COS 5 (f f1) = /rir5(cos %fQ cos %f1 + sin %fQ sin %f1)
= /T3 COS 5 [ \/T1 COS 5 f1 + /T sin 5 f5 /Ty sin 5 f)
=a(l —e)costE,cos 3B, +a(l+e)siniE,sin1E,

= acos 3(E, — E;) — aecos 3 (E, + E,)

e Lagrange Parameters

¥ = %(E2 - Ey)
cos ¢ = ecos 3(E, + E,)

e Lagrange Equations

Vi(ty —t) = 2a% (1) — sin 1) cos @)
ry 4+ ry = 2a(1l — cos 1 cos @)

c = 2asinysin ¢

Note: We also have V175 cos 360 = a(cos ) — cos @)
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Lagrange’s Time Equation

Define a=o¢+Y 1/1:%04_5)
_—
B=¢— ¢ =3(a+p)
Then Vilty —ty) = ZG%WJ — sing cos ¢)
=a2la—f—2sink(a—f)cosL(a+ B)
= a2[(a —sina) — (4 — sin §)]

Also: 1+ 7o+ =2a[l — cos(¢p + )] = 2a(1 — cos @) = 4asin® Ja
ry+ry —c=2all —cos(¢ — )] =2a(l —cosf) = 4a sin? %

Hence, Lagrange’s analytic form of Lambert’s theorem is

1 : .
bty ) = (@~ sina) — (5 — sin §)
21 S 21 _STC
where sin” g = o sin” 508 = 5
in terms of the semiperimeter of the triangle:
5= %(r1+r2+c)
Euler’s Equation for Parabolic Orbits
Since
o —sina)=ad (L 4+ &
a2 (a—sina) =a <§+§+)
and
S s\z 1l/s\3
o = 2 arcsin % :2<%) + §<%) 4.
3 . V2 s 1
Then a?(a—&na):?s? +O<?>
2 1
Similarly, a? (8 —sin ) = g(s —o)? + O(—Q)
a
2. 3 3
Therefore: Vi (ty —t) = ——[s2 F (s — ¢)2]

The choice of sign is minus for § < 180° and plus for 6 > 180° .
Alternately,

[S][)

3
6y/p(ty —t) =(ry +ry+c)2 F(ry +ry —0)
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The Orbital Parameter

From Page 1 of Lecture 8

2
<i> — 2D£ +1=0 where D = "ty _hh
pm pm C ac

Use the Lagrange equations

cos® 16

_ 2a(1 —costpcosg) a*(costp —cosg)? sin? 1) + sin? ¢

D= _

2a sin v sin ¢ 2a2sintysing ~ 2sintysing
D21 sin? ¢ — sin? ¢
2sin sin ¢
so that

sing sin 5 (o + f3)
p sinwisin%(a—ﬁ)
P siny sin 3 (o — 3)

sing  sini(a+p)

Note: The orbital parameter equations were not developed by Lagrange.

Skewed-Velocity Components in Terms of the Semimajor Axis

From o 0
sin sin 71T
= = ——=(1—cosf
P sin Pm sin ¢ * e (1= cos )
and
c = 2asin 1 sin ¢ a=¢+1Y
\/T1T5 COS %Hza(cosz/)—cosgb) B=¢—1
we obtain
Cy/ P H sin ¢ H 1 1
= — — - = - t = t =
Ve 7,75 Sin 0 \ @ cost) — cos¢ 4a(co 3/ + cot30)
11— cosf 1 sin ¢ 1 1 1
frnd _——— = -_—— = _ t = — t =
Y p sinf \/;cos¢—cos¢ 4a(CO 2} — cot 30)
Hence:

#6.8

v, — N N A Y SR ol
! 2(s—c¢) 4a 2s  4da )€ 2(s—c¢) 4a 2s
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