16.333: Lecture#7

Approximate Longitudinal Dynamics Models

e A couple more stability derivatives

e Given mode shapes found identify simpler models that capture the main re-
sponses
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More Stability Derivatives

e Recall from 6-2 that the derivative stability derivative terms Z,;, and
M,;, ended up on the LHS as modifications to the normal mass and
inertia terms

— These are the apparent mass effects — some of the surrounding
displaced air is “entrained” and moves with the aircraft

— Acceleration derivatives quantify this effect

— Significant for blimps, less so for aircraft.

e Main effect: rate of change of the normal velocity w causes a transient
in the downwash € from the wing that creates a change in the angle
of attack of the tail some time later - Downwash Lag effect

o |If aircraft flying at Uy, will take approximately At = [, /Uy to reach
the tail.

— Instantaneous downwash at the tail €(¢) is due to the wing « at

time t — AL.

e(t) = g—;a(t ~AY)

— Taylor series expansion
a(t — At) =~ a(t) — aAt

— Note that Ae(t) = —Aay. Change in the tail AOA can be com-
puted as

dE ) dE . lt
Ae(t) = ——aAt = —a— = —A
e(t) dozoz daan at
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e For the tail, we have that the lift increment due to the change in
downwash is

cde |
ACy, = O, Aoy = CL%O%itO

The change in lift force is then
1
ALt = §p(U()2)tStACLt

e In terms of the Z-force coefficient

ALt St St . de lt
ACy = — — NG, = —p2ley, ade i
g 1pU3S g = g™ 4 U,

e We use ¢/(2U)) to nondimensionalize time, so the appropriate stabil-
ity coefficient form is (note use C., to be general, but we are looking

at AC, from before):

o (_9C 20, (9Cy
= \a(ac2y) ), ¢ \da ),

_ 20 Sl de

N g C SUO LatdOé
de

= —QHVHCL%%

e The pitching moment due to the lift increment is
AM., = —lL;AL,
30(U3)eSiACY,
30U Se
. de lt

= — A — v
nVeACT, ﬁVHCLatOédaUO

—>ACMCQ = —lt
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e So that

o (__9Cu 2y (9Cy
Y= \d(ac/2y) ), ¢ \ da ),

I
|
S

e Similarly, pitching motion of the aircraft changes the AOA of the tail.
Nose pitch up at rate g, increases apparent downwards velocity of tail
by ql;, changing the AOA by

qly
Ay = 2
Ot UO

which changes the lift at the tail (and the moment about the cg).

e Following same analysis as above: Lift increment

qltl 2
ALy = CLatFOQP(Uo)tSt

ALt St qlt

AC,; = — = —n—C; —

Z %p(Ug)S 775 LatUO

O = oCy 20y oCy __Z_U()iéc
0= \d(ge/20) ), ¢ \aq ), e TS
— —277VHCL%

e (Can also show that ,
Car, = Cz,~
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Approximate Aircraft Dynamic Models

e It is often good to develop simpler models of the full set of aircraft
dynamics.

— Provides insights on the role of the aerodynamic parameters on
the frequency and damping of the two modes.

— Useful for the control design work as well

e Basic approach is to recognize that the modes have very separate sets
of states that participate in the response.

— Short Period — primarily # and w in the same phase.
The u and ¢ response is very small.

— Phugoid - primarily 6 and u, and 6 lags by about 90°.
The w and ¢ response is very small.

e Full equations from before:

Xy Xy 0 —g cos O

u m m 8 Uu AXc®
. Zu Zw Zq+mUp —mg sin Og AZeC

w _ m—Z m—Zy m—Zaip m—Zs; w + Z
q' - [My+2Z,1] | [My+ZyI] | [Mg+(Zg+mUo)T] | mgsin ©gl' q AME
; Lyy Lyy Lyy Lyy

0 0 0 1 0 0




1. Since u
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a4
Y

X -force equation.

0 in this mode, then 1

e For the Short Period approximation,

Y
~Y
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0 and can eliminate the

w AV
q |+| AM*
0 0

Zw Zg+mUy —mg sin O
m—2Zy, m—2Zy, m—Zy,
— [My+ZT| [Mq"‘(Zq""mUO)F] __mgsin Ogl’
0 1 0

2. Typically find that Z;, < m and Z, < mUj,. Check for 747:

— Zy = 1909 < m = 2.8866 x 10°
— Z, = 4.5 x 10> < mUy = 6.8 x 10"

[ = =]~ —
m — 2y m
. i Zu UO —g sSin @0 | ANVAS
v [M +§ Mw] [M+ Up) L "
q- _ wtw—p" g+(mUo) = __mgsin Oy My; q |+ AM¢
; Ty Iyy lyy —m 0 0
0 1 0

3. Set By = 0 and remove 6 from the model (it can be derived from
q)

e With these approximations, the longitudinal dynamics reduce to
isp — Aspxsp + Bspée

where 0, is the elevator input, and

] ) Asp - [[1 Zw/m -1 UO ]
vy (Mw + Mwa/m) Iyy (Mq + MwUO)
B, — [ - Zs,|m ]
o (Ms, + My Zs,/m)

w

_[q
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e Characteristic equation for this system: s? + 2(,,ws,s + wgp = 0,

where the full approximation gives:

A4 M M.,
Weopwsy = — [ — d U,
oy (m+[yy+lyy 0)
s ZwM, UM,
wy, = —

mly, Ly

e Given approximate magnitude of the derivatives for a typical aircraft,
can develop a coarse approximate:

~ Mq ~ —% _1
2Cspwsp ~ T T CSP ~ 2 UoMuylyy
—
2 ~ _ UMy ~ [—=UyMy
Wsp T T Wsp =~ Ty

e Numerical values for 747

Frequency Damping

rad /sec
Full model 0.962 0.387
Full Approximate 0.963 0.385

Coarse Approximate 0.906 0.187

Both approximations give the frequency well, but full approximation
gives a much better damping estimate

e Approximations showed that short period mode frequency is deter-
mined by M,, — measure of the aerodynamic stiffness in pitch.

— Sign of M, negative if cg sufficient far forward — changes sign
(mode goes unstable) when cg at the stick fixed neutral point.
Follows from discussion of C);, (see 2-11)
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e For the Phugoid approximation, start again with:

a1 [ % [ % | 0 e, [axe
: Zu Zuy ZgtmUp —mgsin Oy
w m—Zy, m—Zy m—Zy m—Zy w AV
g | T | MutZul] | [My+ZoD) [My+(Zg+mUp)T| | 1gsin@gl q B NYE
i 0 0 1 0 71 L
1. Changes to w and ¢ are very small compared to u, so we can
—Setw~0and ¢ =0
— Set ©y =0
_ - B X, X T ~ - _ -
U m m 0 -9 u AXC
Zu Zw Zg+mUy 0
0 . m—2Zy, m—2Zy, m—2Zy, w AZC
0 - [Mu;‘ZuF] [Mw;‘ZwF] [Mq+(ZI(1+mU0)F] q + AME
9 vy vy vy 8 O
B 0 0 1 L7 1 L i
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2. Use what is left of the Z-equation to show that with these ap-
proximations (elevator inputs)

m—Zw

m—Zw

[My+ZuT) [Mq+(Zq+mU0)F]

3.Use (Zy < msol =

L ]3/2/

Iyy .

[ [Mw + Zw%} (M, + UyM,]

|

M,

w
m

Ly

Zy

.02

) and (Z, < mUj) so that:

mUO

Zy

m—Zu-,

[My+2,T

]yy

"

€

] . [ [Ma+ 235

_ 7, -

m—Zu-)
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4. Solve to show that

- mUyM,, — Z,M, T - mUyMs, — Zs, M, T
w ZuM, — mUsM, ZM, — mUyM,
[ q ] = |z, - zoM, | YT zoM, -z, |
| ZuM,—mUM, | | Z,M,—mUsM, |

5. Substitute into the reduced equations to get full approximation:

_&-l—& mUyMy—Zy My ]
m 1 m \ ZgMyg—mUoM, 9

( ZuMy—Zuw M, > 0 [ Z ]

X,
T

Xy (mUoMs,—Z5, Mg\ ]

Z&eMw_ZwM(Se

6. Still a bit complicated. Typically get that
— | M Z,| < |MyZ,| (1.4:4)
— |My,Uym| > |M,Z,| (1:0.13)
— | M, Xw/M,| < X, small

7. With these approximations, the longitudinal dynamics reduce to
the coarse approximation

.Ciiph = Aphili'ph + Bph5€

where 9, is the elevator input.
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And - x _
0 w7
Lph = [ 0 Aph = _ 7
A U O
L mUj i
(6. |38 24)
m
By, =
(=2 -+ [ f] 24
| mUy
8. Which gives
20pnwpn = —X,/m
w2 _ _gZu
ph mU()

Numerical values for 747

Frequency Damping

rad/sec
Full model 0.0673 0.0489
Full Approximate 0.0670 0.0419
Coarse Approximate | 0.0611 0.0561
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e Further insights: recall that

(5)(E), () (),

MZ
= —1_M2CLO—QCL0%—QCLO
> 07 0,3 ;
PYUo mg
Z,= (22 = 20y ) = ——~
(8U)0 ( 2 >( LO) Uy
e [hen

Wop = /_gZu _ m92
b mUO mU02
g
— 2—
\[U()

which is exactly what Lanchester’'s approximation gave ) ~ \/iUiO

e Note that

_(OX\ [ pUS B

and
2mg = pUOQSCLO

SO

B Xu XUy
Cph B _meph - _Qﬂmg

B 1 pUgSCDO

N V2 (pUESOLO)

5%

so the damping ratio of the approximate phugoid mode is inversely
proportional to the lift to drag ratio.
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Transfer function from elevator to flight variables
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Freq Comparison from elevator (Phugoid Model) — B747 at M=0.8. Blue— Full model, Black— Full approximate
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Transfer function from elevator to flight variables
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Summary

e Approximate longitudinal models are fairly accurate

e Indicate that the aircraft responses are mainly determined by these
stability derivatives:

Property Stability derivative
Damping of the short period M,
Frequency of the short period M,
Damping of the Phugoid Xy

Frequency of the Phugoid Zy,
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e Given a change in «, expect changes in u as well. These will both
impact the lift and drag of the aircraft, requiring that we re-trim
throttle setting to maintain whatever aspects of the flight condition
might have changed (other than the ones we wanted to change). We

have:
AL | | L, L, U
AD| | D, D, A«
But to maintain L = W, want AL =0, so u = ——Aoz

Giving AD = (_%D“ + Da> A«a

2071,

O, = TeAR

CLa — D —QSCDQ
— L, =0QSC,

Qs
Dy =77 (2Cn) (4 — 16)

QS
Uy

AD = QOS| — a o)l +C Aoy
@ (2@M% U, Da

207,
= QS( CDO )OLQAOJ

L, = 22(20y,) (4—17)

CLO 7T€14R

(Ty + AT) — (Do + AD)  —AD
Lo+ AL Ly

B CDO 2CLO CLQAOz

B (C’LO B 7T6AR> Cr,

tan Ay =

For 747 (Reid 165 and Nelson 416), AR = 7.14, so meAR =~ 18,

Cr,

= 0.654 Cp, = 0.043, C, = 5.5, for a Aa = —0.0185rad

(6-7) Ay = —0.0006rad. This is the opposite sign to the linear
simulation results, but they are both very small numbers.
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