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Figure 1: Kinematics of deformable bodies

Deformation described by deformation mapping:

X =p(x)=x+u (1)



We seek to characterize the local state of deformation of the material in a
neighborhood of a point P. Consider two points P and @ in the undeformed:

P :x=u1x1e; + x9€ey + 1363 = T5€; (2)
Q:x+dx = (x; + dx;)e; (3)
and deformed
P'ix! = pi(x)er + pa(x)er + p3(x)es = pi(x)e; (4)
Q x +dx' = (gpi(x) + dgpi)ei (5)

configurations. In this expression,
dx' = dy;e; (6)

Expressing the differentials dy; in terms of the partial derivatives of the
functions ¢;(x;e;):

01 0p1 0o
dp; = —d —d —d 7
P1 o1, T+ Oy To + s T3, (7)

and similarly for dip,, des, in index notation:

Do
dip; = 5 de, (8)

j

Replacing in equation (5):
Q :x +dx' = (¢ —&pid e 9
: = goz—l—am zj)e; 9)
j

0p;

dX/Z‘ = Zdl’ i€ (10)
8xj J

We now try to compute the change in length of the segment P_Q) which
deformed into segment P'Q)". Undeformed length (to the square):

ds® = ||dx|]* = dx - dx = dw;dz; (11)



Deformed length (to the square):

dxjg?w;dxk (12)

o dp;
N aZL‘j

(ds')? = ||dx'||* = dx’ - dx’

The change in length of segment P—Cj is then given by the difference between
equations (12) and (11):

Dp;

dl‘j 8ij

(dSI)Q —d82 _ agpz

= oz, dxy, — dx;dx; (13)

We want to extract as common factor the differentials. To this end we observe
that:

Then:
0p; 0p;
ds)? — ds? = “dr, —dxy — da:dxpd;
(ds) S o, x]amk T 2 Azl
_ a(pi a()pi 15
= (835]- Do jk> dx;dxy, (15)

2¢;,: Green-Lagrange strain tensor
Assume that the deformation mapping ¢(x) has the form:
p(x) =x+u (16)

where u is the displacement field. Then,

Op; Oy Oy, ou;
81;]- al'j + al'j J + 833]‘ ( )
and the Green-Lagrange strain tensor becomes:
Oy, Oy,
2655 = (Omi+ 52 ) (s + a—xj) 0 o)

ou;  Ou;  Ouyy, Oup,
=B+ 5+ 5

xz; Ox; Ox; Ox; — A



1 <8ui Ou, N Oy, 3um)

Green-Lagrange strain tensor : |€; = 505 5 5 D (19)
X €Z; €Z; X

When the absolute values of the derivatives of the displacement field are
much smaller than 1, their products (nonlinear part of the strain) are even
smaller and we’ll neglect them. We will make this assumption throughout
this course (See accompanying Mathematica notebook evaluating the limits
of this assumption). Mathematically:

ou; Uy, Oy,
1 = — ~0 20
We will define the linear part of the Green-Lagrange strain tensor as the
small strain tensor:
1 all,@ an
== 21
i 2<(95L’j+(9.1'i> (21)

Transformation of strain components

Given: €;;,e; and a new basis €, determine the components of strain in the

new basis €y 5 5
1 /01 U;
eo— (L j) 22
i 2 <8x] 8351 ( )
We want to express the expressions with tilde on the right-hand side with
their non-tilde counterparts. Start by applying the chain rule of differentia-
tion:

ou;  0u; 0
ST (23)
61’]‘ 6J]k 61’]‘
Transform the displacement components:
u = 1,,6,, = 1€ (24)
Um (€ - €;) = wi(e; - &) (25)
ﬁi = ul(el . él) (27)



take the derivative of @; with respect to xy, as required by equation (23):
6&1 8’&[
=—I(e € 28
Oxy Oz ) (28)

and take the derivative of the reverse transformation of the components of
the position vector x:

X = r;€; = T (29)
zj(e; - e;) = Ty(€ - e) (30)
x;0;; = Ti(€ - €;) (31)
r; = T (8 - &) (32)
Or; Oty

0F; 07y (33)
Replacing equations (28) and (33) in (23):
ou;  Ou; Oxry,  Ouy
0i; 0wy 0i;  Oxp

Replacing in equation (22):

o= (€ - e;) = 0p;(€r - €;) = (& - )

(€1 &)(8; - ex) (34)

= 3 [ G(er 8)(8; - e1) + oo &)@ )] (35)

Exchange indices [ and k£ in second term:

- 0 - Ouy, _
Gij - [auz (el ez)(e] ek;) + i(ek e])(ei . el)]
T ox; (36)
8xk 895; : ' J k
Or, finally:
€ij = eler- &)(&; - ex) (37)

Compatibility of strains

Given displacement field u, expression (21) allows to compute the strains
components ¢;;. How does one answer the reverse question? Note analogy
with potential-gradient field. Restrict the analysis to two dimensions:

8u1 8u2 8u1 4 31@

€11 = 75—, €2 = 57— €12 = 5 T 57—
(9901’ 8@’ (9x2 8x1

(38)



Differentiate the strain components as follows:

and conclude that:
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