16.20 HANDOUT #6
Fall, 2002
(Introduction To) Structural Dynamics

REGIMES
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SPRING-MASS SYSTEMS
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Static equation: F =Kkq ( ) = —

dt
Dynamic: mqg + kg = F(t) (Nodamping)
mqg + cq + kq = F(t) (with damping)
Inertial Load = — (mass) x (acceleration)

General form:

.. = mass matrix
mq + kq =

m
K = stiffness matrix
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or

quj+kijqj =K

= force vector
=d. o. f. vector

[oX ol |

. 0. f. = degree of freedom

Lj=1,2...n
n = number of degrees of freedom of system

FREE VIBRATION

q(t) = C/sinwt + C,coswt  general solution for single

spring-mass system
_ K
natural frequency: @ = |—
m

FORCED VIBRATION
dirac delta function: 5('{ —7:) =0 @ t =71

St-7) > @ t=r1

[ot-7)dt =1

- f_";g(t)a(t ~7)dt = g(r)
unit impulse response:

qt) = Lsinoo(t ~T) fortst
ma

0 fort<~t

Duhamel’s (convolution) integral:

q(t) = fo F(7) ht - 7) dr
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Response to arbitrary f(t):

q(t) = mi ;F(r) sinw (t - 7) dr + 9O Gin g
w w

+ q(0)cosmt

Sinusoidal force:

F(t) = F sinQt

: F :
g(t) = 9smwt + Czcoswj + ——sinQt
Starting transient k|1 - ?
— —~— _/
Steady state
response
1
Dynamic Magnification Factor = 02
1-

*Note: resonance as Q — w, (DMF — )

INFLUENCE COEFFICIENTS

g, = generalized displacement
Q, = generalized force

q = CQ C, = Flexibility Influence Coefficient
Maxwell’s Theorem of Reciprocal Deflection: C, =G
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Qi = [KJ iqj kij = Stiffness Influence Coefficient

where: k; = k;
5] -[a]

Physical Interpretations

C; = displacement at i due to unit load at |

Cu Ctﬁ. Cl!
>

3

|

unit load

k; = force at i due to unit displacement at j and with other
displacements equal to O

N
N X
. 3 unit
displ t
k@ ku h isplacemen
33
MULTI DEGREE-OF-FREEDOM SYSTEMS
mg + kq = F
“S B wzm‘ =0 o - eigenvalues = natural frequency

¢")- eigenvector = mode
# of eigenvalues = # of degrees of freedom

r iw, t (r) i (r)
gihom = _gji()ew = Cl_?l Smwrt + sz_lbi COSU)rt
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--> orthogonality of modes
¢(f)Tm¢(s) = 0 forr=s
T ~ -~ —~
?(f) [n_?(S) _ 6rs Mr

7 (r) —
¢ mg M, forr=s

Kronecker delta:

0,=0 forr=s
d0,=1forr=s

NORMAL EQUATIONS OF MOTION (discrete system)
=95

= Mr gr + Mr wrzgr = Er

Generalized mass of r'" mode:

.
M = ?(r) m?(r) _ [¢1(r) ¢2(r) ] m ¢2(r>

Generalized force of the rt" mode:

= = ?(r)TE =[¢1(r) ¢2(r) ] F,

€ = normal coordinates

~

Homogeneous Solution:
& = asinwt + b cosw,t

50 = -9 ma O - b

. 1 ) .
5(0) = -97'm4 ) = ao,

Particular Solution:

1 A )
%r (t) = Mrwr fO = (T) SN w, (t T)d’l:
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CONTINUOUS SYSTEMS

w(x,t) = wW(x)e'"

W(x) = e (homogeneous solution)

Beam-column

* axial force=0
* Cross-section constant
4

g 4w
dx

+mw =0
W(x) = CsinhAx + C,coshAx + C;sinAx + C,C0SAX

2
with: A = (ma))

1/4

El
--> orthogonality of modes

=0 forr=s

| dx = M. S |
ﬁ)m(x) ¢, (X) ¢4(X) dx ATV ﬁ)m(x) ¢, (x) dx

NORMAL EQUATIONS OF MOTION (continuous systems)

og]

wixt) = S0 (1)

r=

:Mrgr + I\/Irwrzgr = E‘r

|
Generalized mass of rth mode: M, = ﬁ) m¢,’* dx

!
Generalized force of rth mode: E = ﬁ) ¢, p,(X, t) dx

r

t) .
‘Er = normal coordinates

Forced vibration (Particular Solution for r'™ mode):
1

t
& (t) = M., fO =r (T) SN, (t - T) dr
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