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Review of General Elasticity

NOTATION REVIEW (e.g., for strain)

Engineering
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EQUATIONS OF ELASTICITY
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2. Strain-Displacement (6)
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3. Stress-Strain (6)

* Anisotropic:
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Generalized Hooke’s Law:
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Omn = Emnpq €pq
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DEFINITION OF ENGINEERING CONSTANTS

1. Longitudinal (Young's) (Extensional) Moduli:

o

Enm = — dueto o applied only (no summation on m)
mm

2. Poisson’s Ratios:

€ .
Vom = - Smm due to o,,, applied only  (for n =m)
nn
Reciprocity: v, .E,, =v.,.E, (nosum)
(m =n)

3. Shear Moduli:

o
Gmn = -~ dueto o, applied only
2€n

(form=4,5, 6)
(for n =m)

4. Coefficients of Mutual Influence:
(using contracted notation)

—€
N = — for o, applied only

€
" (form,n,=1,2,3,4,5,6, m=n)
(Note: one strain extensional, one strain shear)

Reciprocity here as well

5. Chentsov Coefficients:
(using contracted notation)

—€
N = 8” for o, applied only

(form,n,=4,5,6, m =n)
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“ENGINEERING” STRESS-STRAIN EQUATIONS (using contracted notation)

€ = Ell [01 — V120 — V1303 — M1404 — M1505 — 7]1606]

€y = El2 [‘ V2101 + Oy — Vo303 — Mpp04 — Mp505 — T12606]

€3 = El3 [‘V31 01 — V3202 + O3 — M3404 — M3505 — T13606]
Ya = €4 = Gl4 [—TI41 O1 = M4202 — Nyg303 + 04 = MNys05 — T]4606]
Y5 = €5 = ES [—7]51 01 = Ms5202 — MNs303 — M50y + O5 — n5606]
Ye = €6 = Gl6 [—7161 O1 = Me202 — Me303 — MeaOg — MesOs5 + 06]

In general:
1 6
€n = _E7n m2=1 Vnm Om

Note: v, =-1
andn’'s --> v's

* Orthotropic form

In terms of ENGINEERING CONSTANTS (using contracted notation):

(1] 1 _Yi2 Vi3 O O O - (01)
E, E, E,
€2 Va1 vy O O O o,
E, B E,
€3 _Va Va2 1 O 0O O o
_ = E; = ’
1 - 1 . -
€4 0 0 0 O O o,
G,
0 0 0 0 1 0
1
0 0 0 0 0 | |o
€6 Gg| U6
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* Isotropic form

€, [1/E —v/iE —vIE O 0 0 1(o;
e, |-vIE 1/E -viIE 0 0 0 ||o,
€3 -vIE -v/IE 1/E 0 0 0 | |03
le[ | o 0 0 1/G 0 0 ||oaf
€5 0 0 0 0 1/G 0 | |o;
€6 | | 0 0 0 0 0 1/G] 06 |
with: G = 2(1E+ V)
PLANE STRESS
AZ
«——— b —
/T/Lﬁ_____ Y h<<a,b
. i Oy Oyyr Oy = 0
a 9,

Anisotropic stress-strain equations

1 3\
€1 = E. [01 — V120, — T]1606]

1

1 Primary
€r = E. [— V2101 + O3 — T12606]

2

1
€ = [—7]61 01 — MexO2 + 06]

G
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83=

€4 =

€5

PLANE STRAIN
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1
E. [— V3101 — V3202 — 1f13606]
3
1
G [— N41 01 — Mgz O2 - 7]4606]
4 Secondary
1
G. [—ﬂ51 01 — M5202 — 1r15606]
5
g3
L>>Xx,y
d
— 0
0z
€13 €3 = €33 = 0
—
%2
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SUMMARY
Plane Stress Plane Strain
Geometry: thickness (y,) << in-plane length (y;) >> in-plane
dimensions (y,, Y,) dimensions (y,, ¥,)
Loading: O35 << Oyp o, only
0/dy, =0
Resulting 0;=0 ez =0
Assumptions:
Primary €up, Oupr Ug €op. Topr U
Variables:
Secondary €33 Us Oa3
Variable(s):
Note: Eliminate ¢, from eq. set Eliminate o5, from eq.

by using 0,, =0 0 - ¢ eq.
and expressing &4, in
terms of ¢,

TRANSFORMATIONS

Omn = Lip g Opy
Em = Lrp g €pg
% = Lo Xo
Oy = £ Us
Emnpq = Lo Lis gbt un Ers

where: /= = cosine of angle fromy_toy,

Paul A. Lagace © 2002

Set by using o,, 0 - €
eq. and expressing o4,
in terms of ¢,
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OTHER COORDINATE SYSTEMS

F (Y Y2, Y3) = €

F, (Yo Y2, ¥3) = M

Fs (Yo Y2, ¥3) = €

Example - Cylindrical Coordinates

E=r1  F (Y Yo Ya) = Y2 + Y2

M =0 F (v, v, v3) = tant (y, /y,)
C=Z F(ynYa Ys) = Vs

» Equilibrium:
re 80” + !— aoﬂr + aOzr + O — Ogp +f =0
or r 00 0z r '
0: 9010 + 1 964 + 0920 + 2010 +f, =0
or r 90 0z r 0
z:ag—rz+:}aoe’Z +8022 +%+f =0
or r 90 0z r z
e (Engineering) Strain-Displacement:
ou,
€y = —
rr ar
. _ 1y
b0 r 00
duy
€ - Y
2z 0z
ou 1 ou u
€ = — o+ = Lo L
ar r o0 r
1 du ou
€z = 2 + !
r o006 0z
ou ou
€zr = ot °
0z ar
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* (Isotopic) Stress-Strain:

€ = E [Grr - V(Oee + Gzz)]
1

€pp = E[ 00 ~ V(Orr + Ozz)]
1

€22 = E [Gzz - V(Orr + 066)]
21 + v

€g = ( E )(5m
21 + v

€gz = ( E )062
21 + v

€zr = ( E ) Oy

STRESS FUNCTIONS

V4¢ = —EOLVZ(AT) - (1 - v) V2V (isotropic)

2 2
0 0
where: V2 = — + —3
0X oy
2
)
Oy = — +V
XX ayz
9%
Oy = — +V
yy 92
3%
Oy = -
IXAY
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EFFECTS OF THE ENVIRONMENT
Temperature

Fall, 2002

e Thermal Strain: &7 = aAT
a = Coefficient of Thermal Expansion (C.T.E.)
general form: e{ = a; AT
* Total Strain = Mechanical Strain + Thermal Strain
gj = s!}" + eg
8:}A = Sij O
* Oy = Ej & - Ejg o AT

* Transformation of oy
~ . A
Gy = COS°0aj; + Sin®6aj,

Oy = sinZe ol + cos20 ah, s % % are C.T.E’s|n
principal material axes

Oy CcosH sin® (a22 - all) )

Sources of temperature differential

* Ambient environment
* Convection

» Aerodynamic heating specific Mach

heat ratio number

Adiabatic wall temp = T, = [1 A i MEO]TOo

f

recovery
factor

T, = ambient temperature (°K)

heatflux: q=h (T, -T.)

?

heat transfer surface temperature
coefficient of body
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* Radiation
— Emissivity ]
g = heat flux
- eoTA €= emissivity
g €90 < o = Stefan-Boltzman constant
| T, = surface temperature
— Absorptivity ]
g = heat flux
q= al A [ &= gbsorpﬂwty
|, = intensity of source
\ A = angle factor
» Conduction
q" = -k 2T | g7 =heatflux
| ! 0X; k;" = thermal conductivity
Fourier’s equation:
KL oT T
pC 9z2 ot
thermal
conductivity

Deqgradation of material properties

* Glass transition temperature
* E(T), o (T), o,(T)
* Creep
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Other Environmental Effects

M €
eij = Sij + > Sij

total = mechanical + ), environmental

* Moisture:
(s . .
gjj = swelling strain
J 1 { [3”. = swelling coefficient
C = moisture concentration
s General: .

E . .
gjj = environmental strain
E
En = -~ .
1) X X X; = environmental operator

X = environmental scalar

Piezoelectricity

* Piezoelectric strain:
p
e = i Ex

E, = electric field
d; = piezoelectric constant

» Coupled equations:
Omn = Emnij &j - Emni dijk Ey
Di = ey Ex + dipm Omn

e, = dielectric constant
D, = electrical charge
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