Binary Search

e Can be performed on
— Sorted arrays
— Full and balanced BSTs
e Compares and cuts half the work
— We cut work in %2 each time
— How many times can we cut in half?
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Binary search is O(Log N) |
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The Binary Search Algorithm
- Input: Array to search, element to search for
Blnary SearCh Output: Index if element found, -1 otherwise
Statement Work T(n)
set Return_Index to -1; --cl
11 17 19 42 43 47 53 67 loop -- c2 (log n +1)
set Current_Index to [(UB + LB) /2] -- ¢c3 (log n +1)
if the LB > UB -- c4 (log n +1)
exit; -- c5
if Input_Array(Current_Index) = element — ¢6 log n
Return_Index := Current_Index -- c7
exit; -- c8
if Input_Array(Current_Index) < element --c9 logn
LB := Current_Index +1 -- ¢c10 log n
11 found 55 not found else -- cll log n
UB := Current_Index — 1 -- cl12 log n
3 comparisons 4 comparisons return Return_lndex —els
3 = LOg (8) 4 — LOg (8) +1 T(n) = (c1+c2+c3+c4+c5+c7+c8+cl3) + (c2+c3+c4+c6+c9+cl0+cll+cl2) log n

= ¢’ + c”’log(n)

3 =0O(log ()




47

11

42

17

12

67

96

47

11
42

17

12

67

96

Merge Sort
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Merge Sort Analysis Analysis

Statement Work
MergeSort(A, left, right) T(n)
if (left < right) o0()

mid = (left + right) /7 2; o)
MergeSort(A, left, mid); T(n/2)

MergeSort(A, mid+1,
Merge(A, left, mid,

T(n) =0(1)
2T(n/2) + O(n)

right); T(n/2)
right); 0(n)

whenn=1,
whenn > 1

Recurrence Equation |

Solving Recurrences:

T(n) =+

Iteration

C n=1
n

al B +ch n>1

c

T(n):{aT(E)+cn

e T(n) =
aT(n/b) + cn
a(aT(n/b/b) + cn/b) + cn
a2T(n/b2) + cna/b + cn
a?T(n/b?) + cn(a/b + 1)

n=1
n>1

a?(aT(n/b?/b) + cn/b?) + cn(a/b + 1)
a’T(n/b®) + cn(a?/b?) + cn(a/b + 1)

a®T(n/b3®) + cn(a?/b? + a/b + 1)

akT(n/bk) + cn(ak-1/bk1 + ak2/pbk2 + .. + a2/b? + a/b + 1)




C n=1

T(n):{aT(g)Jrcn n>1

e So we have
— T(n) = akT(n/b¥) + cn(akY/bk1+ ... + a2/b2+ a/b + 1)

e For n = bk

— T(n) = akT(1) + cn(a</bk1+ ... + a?/b%2+ a/b + 1)
akc + cn(ak/bkt + ... + a%/b%2+ a/b + 1)
cak + cn(aki/bkl+ ... + a?/b2+ a/b + 1)
cnak/bk + cn(akl/bkt+ ... + a?/b2+ a/b + 1)

=cn (ak/bk+ ... +a%/b2+ a/b + 1)

C n=1

T(n):{aT(E)Jrcn n>1

= So with k = log, n
—T(n) = cn(a¥/bk+ ... + a?/b?2+ a/b + 1)

e What if a = b?

—T(n) =cn(k + 1)
=cn(log, n + 1)

= O(n log n)
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Heapsort: Best of two worlds

= Merge sort
— Advantage: O(n log n)

e Insertion sort

— Advantage: Can sort in place, and efficient
for nearly sorted arrays

Heapsort 1

Combines the advantage of Merge and
Insertion sort
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Heaps

A complete binary tree is a full binary tree that
has all leaves at the same depth

e |Is the tree below complete?

Heaps are nearly complete binary trees
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Binary Tree - Array

e Use Breadth-First-Search
— The root node is A(1)
— Node i is A(i)

1 2 3 4 5 6 7 8 9 10
1611411018 |7]1913]|2]4]1
Heap_Array
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Manipulating Heaps
- Parent(i) — return Li/2]

e Left(i) — return (2*i)
— return (2*i + 1)

- Right(i)

Heap property: A(Parent(i)) > A(i)
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Is the tree a Heap?

Heap_Array= |16] 4 |10|14] 7191|132 |8]1
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Is the tree a Heap?

K
Heap_Array = |16| 4 |10|14) 7191|132 |8]1
1 2 3 4 5 7 8 9 10
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Is the tree a Heap?

Now it is a heap

e —"
Heap_ Array= |16|14|101 4 7]191|3]2|8 |1 Heap_Array =
1 2 3 4 5 7 8 9 10
17 18
Heapify Creating a heap

Move an element in location i to satisfy heap property

Heapify (A, 1)
Ichild := Left(i)
rchild := Right(i)
if (Ichild <= heap_size and A[lchild] > A[i]) then
largest := Ichild
else
largest := i

if (rchild <= heap_size and A[rchild] > A[largest]) then
largest := rchild

if (largest /= 1) then

Swap(A, i, largest)
Heapify(A, largest)
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= Given an unsorted array

burld heap (A, Size)
heap size(A) := Size;
for i in [Size/2] downto 1
Heapify(A,
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Heap_Array =

Build _Heap
Heapify(Heap_Array, 5) — Does nothing

Build _Heap

Heapify(Heap_Array,4)

Heap_Array =

1

2 3 4 5 6 7 8

4

113|2|16]9 (10|14
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Build_Heap
Heapify(Heap_Array,3)
1 2 3 4 5 6 7 8 9 10
Heap_Array= | 4 | 1| 3 |14|16] 9 |10| 2|8 | 7

Build_Heap

Heapify(Heap_Array,2)

Heap_Array =

1

2 3 4 5 6 7 8
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Build _Heap

Recursive Heapify(Heap_Array, 5)
1 2 3 4 5 6 7 8

Heap Array= | 4 |16|10|14|1 1|93 | 2

Build _Heap

Heapify(Heap_Array, 1)

Heap_Array =

1

2 3 4 5 6 7 8

16|10|141 7191312
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Build_Heap

Recursive Heapify(Heap_Array, 2)
1 2 3 4 5 6 7 8

Heap Array= |16| 4 |10|14) 71913 | 2

Build_Heap

Recursive Heapify(Heap_Array, 4)

Heap_Array =

1

2 3 4 5 6 7 8

16

141101 417191312
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Heap Sort

Heap_Array = |16]14]10

Bui ldHeap(A);

for 1 In size downto 2

Swap(A[1]., ALiD)
heap size:= heap size -1;
Heapify(A, 1);
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