Unified Engineering I1 Spring 2004

Problem S16 Solution

The Fourier transform of z(t) is given by X (f). Then the FT of z(t) is given by

=i X(f), 0<f</fu
Xi(f) = HNX(f) = § +HiX(f), —fu<f<0
0, |fI> fu
The signal x(t) is given by
xo(t) = wy(t)z1(t)
where wy (t) = cos 2n f.t. The FT of wy () is

WA(F) = 518(F — 1)+ 6(F + 1)



The FT of x9(t) is then

Xo(f) = ( * Wi(f)
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The signal x3(t) is given by

fe<f<Jfet[u
fe—Tu <f</[e
—fe<[f<—fct fu
—Je—fu<[f<—fe

else

3(t) = wa(t)z(?)

where wsy(t) = sin 27 f.t. The FT of wy(t) is

Wa(f) =
The FT of z3(t) is then
Xs(f) =
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Finally, the FT of y(t) is given by

Y(f) = Xo(f) + X3(f)
(_.]X<f_fc)7
Oa
=10,
+iX(f + fo),
\O’
(_]X(f_f(:),
= HiX(f + fo),
Oa

\

First, y(¢) is guaranteed to be real if z(t), because if z(t) real, X(f) has conjugate
symmetry, and then Y'(f) has conjugate symmetry, which implies y(t) real.

L g8 = 1) 16+ 1)

Je<[<[fet[u
fe—fu<f</fe
—fe<[f<—fet+ fu
—fe—fu<[f<—fe

else

fe<f<[fet[u
Je—Tu <[ </
—fe<f<—fet+ [u
—fe—fu < f<—f
else

fo< | < fot fu
—fo—fu < f<—fo

else



Second, x(t) can be recovered from y(t)s as follows. If y(¢) is modulated by 2sin 27 f.t,
the resulting signal is z(t) = 2y(t) sin 27 f.t, which has FT

Z(f) ==Y (f = fo) + Y (f + fo)

(

—X(f=2f), 2fe<f<2fc+ fu
+X(f), —fu < f<0

= ¢ +X(f), O0<f<fu
—X(f+2fe), —2fe—fu<f<=2f
W else

If 2(t) is then passed through a lowpass filter, with cutoff at f = +f;, then the
resulting signal is identical to z(t).
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To begin, label the signals as shown below:

cosoct - W’
é > Lo;?;::ss P Squarer 3
4, Ya
Y
y(t) ——ae <+>——> S:':;" e 1(t)
A
Iz
/X\ > Lozll&?ss »-| Squarer
sina t W [

From the problem statement,
y(t) = [z(t) + A] cos (27 fot + 6,.)
Define

2(t) = z(t)+ A
w(t) = cos (2w f.t+6,)

The factor w(t) can be expanded as
w(t) = cos (27 ful + 0.) = cos B, cos 21 fut — sin B, sin 27 f.t
The Fourier transform of w(t) is then given by
W(f) = Floos(2nft +0.)
= o0 [0 (f = f+ 0T+ f)] = sinbe (3 (f — £ + 30 (F + £
= 5 (cos Ot Jsind) 3 (f — f2) + 3 (cos O — jsin) 5 (f + £
The Fourier transform of z(t) = x(t) + A is given by
2(f) = Fl(t)] = X(f) + 43(7)

Z(f) is bandlimited, because X (f) is, and of course the impulse function is bandlim-
ited. So the FT of y(t) is given by the convolution

Y(w) = Z(f)*W(f)
= ;[(COSQC—l—jSiHQC) Z(f—fc)—f-(COS@C—jSinec) Z(f+fc)]



Next, compute the spectra of y;(t) and y,(t). To do so, we need the spectra of w(t)
and wy(t):

Wi(f) = Flun(t)] = Fleos2nf.d]

= 15— )+ 8+ 1)
Walf) = Flualt)] = Flsin2nfal

_ ; [—j6(f — f2) +38(f + £.)]

M) = W)=Y ()
= YUY 1)

= —cosb. Z(f)
1 [(cos Bt jsin6) Z(f — 24+ (cosb — jsinf) Z(f +2£.)]
Similarly,
B(f) = W)Y ()
= YU - £) V(- £)
= Ll(cos 0+ jsin0.) Z(f = 20) + (cost — sind) Z()
2 [(cosb+ j sinb) Z(F) + (cos b — jsin0) Z(f + 21.)]
= —;SmHCZ(f)
3 cosf+ sin ) Z(f —2f2) + (j cos O+ sin ) Z(f + 21,

Now, when y;(t) and y4(t) are passed through the lowpass filters, the Z(f — 2f.) and
Z(f + 2f.) terms are eliminated, and the Z(f) terms are passed. Therefore,

Volf) = 5 cos Z())

Vi(f) = —ysinf.Z(f)



and
1
ya(t) = 5 cos O, z(t)
1
ys(t) = —5 sin 6. z(t)

After passing these signals through the squarers, we have

1

ys(t) = 1 cos® 0. 2°(t)
1

y(t) = 1 sin? 0., 2*(t)

y7(t) is the sum of these, so that

yr(t) = wys(t) +yr(t)
{0052 0.2%(t) + sin® 0, 22(15)}

r(t) = 22(t)/4

if the positive root is always taken. But z(¢) = x(t) + A is always positive, according
to the problem statement. Therefore,
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